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Abstract: Graph Theory has been realizexs oneof the most flourishing branchesf modern Mathematics finding widest applications
in all most all branche®f Sciences, Social Sciences, Engineering, Computer Science, etc. Number Tisemrg of the oldest branches
of Mathematics, which inherited rich contributions from almost all greatest mathematicians, ancient and modern. Nathghjspaved
the way for the emergencef a new clasof graphs, namely Arithmetic GraphBy introducing the concept®f Number Theory. Using
the number theoretic function, the Euler totient functiomye have definedan Euler totient Cayley graph anih this paperwe study the
Edge dominationin Euler totient Cayley graph. This papés devoted for the studpf minimum edge cover, edge covering number,
minimal edge dominating set and edge domination numb&Euler totient Cayley graplin two cases when is evenand when nis odd.

Keywords: Euler Totient Cayley Graph, Edge cover, Minimum edge cover, Edge covering number, Edge domination, Minimal edge
domination, Edge domination number.

1. Introduction

Definition 3.1: Let G(V, E) be a graph. A subset &f E is
The concepof edge dominatioris introducedby Mitchell calledanedge coverof G, if F contains all the verticed G.
and Hedetniem[2]. Some result®n edge domination are A minimum edge coveris onewith minimum cardinality.
given by Arumugam ad Velammal [3]. Cockayne and The numberof edgesin a minimum edge coveof G is
Mynhardt[4] have introduced that edge subsets may laéso called theedge covering numberof G andit is denotedby
embedded into setdf functions andin analogous concepf L'(G).
convexity could alsde developed. Hergve consider Euler
totient Cayley grath(Zn,¢)_ We determine minimum Definition 3.2: Let G(V, E) be a graph. A subset &f E is
& lledanedge dominating set (EDSdf G if each edgin E

edge cover, minimum edge dominating sets, edge covering Fis adjacento atleast one edge F.

number and edge domination numb&iG (Z,,,¢).
An edge dominating set (EDS)i§ called aminimal edge
2. Euler Totient Cayley Graph and its dominating set (MEDS)if no proper subseif Fis anEDS
Properties of G. The minimum cardinality among all edge dominating
P setsof G is calledanedge domination numberof G andis

Definition 2.1: The Euler totient Cayley graphis defined denotecby y'(G).

as the graph whose vertex set \Ms given by
Z.={01,2,.....n—1} and the edge s E = {(x,y) /  Theorem 3.3: The minimum edge coveof G(Z,,),

x—y e Sory-x e S} andis denotecby G(Z,,¢), where !vgeg);is oddis givenby {(0, 1), 2,3 ) , . =3,n-2p(n
S denote the setf all positive integers less than n and ' = .
relatively orime to n That is  Proof: ConsiderG(Z,,¢), where nis odd. Let E denote
S={r/1< r<nanécC @n =1} | S|= o(n. the edge saif G(Z,,¢).
Now we present somef the propertiesof Euler totient
Cayley graphs studienly Madhavi [3. Consider the set &f ordered pairsf vertices giverby
1. The graph G(Z,,p) is ¢@(n) - regular and has F={01).(23) . ..~3,n-Enn-1 0}
n Since (2i +1) — (2i) = 1 e S, eachordered pair (2i2i + 1), 0
ne (n) g n-1
edges. <i< > in Fis an edgeofG(Z,,,®), so that F
2. The graphG(Z,,9) is Hamiltonian and hencé is  becomes a subsef E. Also the edgei F contain all the
connected. verticesof G(Z,,,9).
3. The graphG(Z,,, ¢) is Eulerian for re 3. Therefore Fs anedge coveof G(Z,,,®) . Nowwe show
4. The graphG(Z,,, ) is bipartiteif nis even. that Eis minimum.
5. The grath(Zn,@ is completef nis a prime. Let usconsider the edge set-H € } where € = (2i,2i +1)
_ n-1
e Fforanyi=0,1,2 , 7

3. Edge Domination Consider the verticead and2i + 1.
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The vertex2i is incident with the edge (2i 1, 2i) and (2i,2i
+ 1). But the edge (2i 1, 2i) ¢ F and the edge (22i + 1)
={€}e F-{§}.
Similarly (2i +1) is incident with the edge (2Ri + 1) and
(2i+1,2i +2). Butthe edge (2i+1)={€} & F-{€}
and the edge (2i ,2i+2) ¢ F.
i.e., the sebf edgesof F — { €} does not contain all the
verticesof G.
SoF-{ e} isnotanedge coveof G(Z,p).
= Fis a minimum edge covaf G. m

Theorem 3.4: The minimum edge covesf G(Z,,9),

when nis evenis givenby

Proof: ConsiderG(Z,,,¢), where ris even. Let E denote

the edge saif G(Z,,¢)

Consider the set &f ordered pairsf vertices giverby
F={0,1),23) ,
Since (2i +1) — (2i) = 1 € S, eachordered pair (2i2i + 1), 0

<l

IA

in Fis anedgeof G.

SoF becomes a subsaftE.
Also the edges F contain all the verticesf G(Z,,,¢) .

= Fisanedge coveof G.
Now we check for the minimalityf F.

Let us consider F- { € }, where € = (2i, 2i + 1) € F, for
_ n-1
anyi=0,1,2 ....... -
2
Consider the verticez and2i + 1.
The vertex2i is incident with the edges (2i1, 2i) and (2i,
2i + 1). But the edge (2i 1, 2i) ¢ F and the edge (22i +

1)={€}e F-{g}.
Similaris the case with the vertex 2i+1.

So the edge®f F - { €} does not cover all the verticed
G.

i.e., F-{ €} isnotanedge coveof G.

= Fis a minimum edge covaf G(Z,,p) .=
Corollary 3.5: The edge covering numbef G(Z,,¢) is

n _ n+1 _
E when nis even andT when nis odd.

Proof: If nis even then the n vertice§ G(Z,,,®) canbe

n
paired intoE distinct pairsof vertices (2i,2i + 1), 0<i <

% , it follows that the cardinalitpf
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F=1{0 1), 23), ..c.2(m- 1)} is g ie.,
, n
ﬂ(G(Zn&D))=§-

If nis odd then the n verticesf G(Z,,,®) canbe paired

. n+1 . . . ,
into T distinct pairsof vertices (2i,2i + 1), 0< i <
n-1
2
Hence the cardinalitpf F = {(0, 1), (2,3 ) , ..= 1, Q)}1s
n+1
—2 .
: , n+1
e, B'(G(Z,,p)) = > "
Theorem 3.6:The sebf edges {(1, 2), (34 ) , ..=2,N-n

1)} forms a minimal edge dominating set G(Z,,¢),
when nis odd.
Proof: ConsiderG(Z,,,¢), when nis odd. Let E denote

the edge saif G(Z,,¢).

LetF={(1,2),34 ), . =2,n—-QLn
Since2i — (2i — 1) = 1S, eachordered pair (2+1, 2i), 0 </

IA

in Fisanedgeof G(Z,,¢) .

= Fis a subseof E.
Let (s,t) e E- F,where = 0and t= s +1.
Consider the edge (s, slyin F, where s 2i,i=1,2 ....... .
n-1
2
Obviously this edgés adjacent with (s, t).
Soevery edgef E — Fis adjacent withat least one edgef
F.
= Fisanedge dominating set.
We now check for the minimalitgf F.

Deleteanedge€ = (1, 2) from F. Then theras an edge (0,
1) € E, such thait is not adjacent with any edgé F - { €},
because the edge (D) is adjacent with the edges (4) and
(0, n—1) for n > 1as1 e S. Also the edge (Q1) is adjacent
with the edges (@) and (1),

where1<q<4n-1),2<r<n. Let|q—0| =k and|r-1]
=k,, where k, k,>1 e S.

But noneof these edges belong F— { €}, asthe edgeq F
areof the form

. . _ n-1
(2i—1,2i)wherei=1,2 , ..

2
i.e., F-{ €} isnotanedge dominating sef G(Z,,¢).

Hence Hs a minimum edge dominating saft G(Zn,(o) .

Corollary 3.7: The edge domination number

7’(G(Zn,(0)) = nT_l when nis odd.
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Proof: By Theorem 3.6, the minimum edge dominating set
of G(Z,,p) is
F={(1, 2), (3, 4)...... , (-2,n-1)}

Since the(n — 1) vertices carbe paired into distinct
pairsof vertices (2 1, 2i),

0<ic<

-1 n-1
, it follows that the cardinalitpf Fis T

n-1
Thereforey'(G(Z,,,9)) = —~ "
Theorem 3.8:The sef edges {(0, 1), (23 ) ,
— 1)} forms a minimal edge dominating s&t G(Z,,,¢),
when nis even.

Proof: ConsiderG(Z,,,¢), where ris even. Let E denote

the edge saif G(Z,,9).

LetF={(0,1), (23 ) , =.2,0nl)}
Since (2i +1)- 2i = 1 € S, each ordered pair (2j + 1), 0<

i<

in Fis anedgeof G(Z,,,9). i.e., Fis a subset

of Ein G(Z,,9).
Let(s,t) e E-F,where & 0and t= s +1.
Consider the edge (s, sl}in F, where s 2i,i=0,1,2 , ...,
n-1
>
Obviously this edgés adjacent with (s, t).
Hence it follows that Fis an edge dominating seof

G(Z,.9).
Now we prove that Hs minimal. Deletean edge€ = (0, 1)
fromF.
Then the edge (Q,) belonggo E - F, whichis adjacent with
(1,2)and (0, n— 1) for n >1.
Also it is adjacent with the edges (@) and (1,r) where 1 <
g<n—1,2<r<n.
Let |0—q| = klandll—r! =k, where k, k,>1¢e S.
But noneof these edges belong F - { €} asthe edgein F
areof the form
n-2

2

i.e., F—{ €} is notanedge dominating set.

(2i, 2i + 1) wherei=1,2 ,

Hence Fs a minimum edge dominating s&t G(Z,,, ).

Corollary 3.9: The edge domination

7'(G(Zn,(p)) = g, when nis even.

Proof: By Theorem 3.8, a minimum edge dominatingcafet
G(Z,,p) when nis evenis givenby F = {0, 1), (2,
3),

n
The n vertices {01, 2,3 , . =.1}ncanbe paired intoE

distinct pairsof vertices (2i2i + 1), 0<i <
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n
Henceit follows that the cardinalitpf F is E
. ’ n
e, 7' (G(Z,,9)) = > =

4. Future Scope

There are several other dominating parameters widole
appliedon Euler Totient Cayley Graph. The theorems which
are derivedin this paper carbe applied practically for
solving graph theoritical problems.

References

[1] Nathanson, Melvyn,B. — Connected componentsf
arithmetic graphs, Monat. fur. Mat9 (1980), 219-
220.

[2] Mitchell, S., Hedetniemi, S.T-- Edge dominationin
trees. Congr. Numerl9 (1977), 489- 509.

[3] Arumugam, S., VelammalS. — Edge dominationin
graphs, Taiwanese Jourrafl Mathematics, 2 (2) (1998),
173-179.

[4] Cockayne, E. J., Mynhardt,C. M. — Convexity of
extremal dominatior related

[5] functions of graphs. In Domination in Graphs -
Advanced topics, (Ed. T.W. Haynes, S.T. Hedetniémi,
J. Slater), Marcel Dekker, Inc., New York, (1998), 109
131.

[6] Madhavi, L. — Studieson domination parameters and
enumeration of cycles in some Arithmetic Graphs,
Ph.D.Thesis,submitted S.V.University, Tirupati, India,
(2002).

17




