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Abstract: From the paper of “Farey to Cantor” motivate to convert the Non reducible Farey Sequence of various order into various
Cantor sequence of interval by remove some Non-Reducible Farey fractions.

Keywords: Farey Sequence, Non-Reducible Farey Sequence, Cantor Middle (e = Z/5.3/7) Sequence, Non Reducible Farey N-

Subsequence.
1. Introduction

The Farey Sequene is a pattern that has its origin in quite
common numbers. The Farey fractions can be found in all
sorts of different applications. The Farey sequence was so
named for British born geologist, John Farey (1766-1826).
In 1816 Farey wrote about the “curious nature of vulgar
fractions” in the publication Philosophical Magazine. Given

a sequence (Fy ) are made up of fractions in lowest terms
where the denominator is less than or equal a number N,

When the fractions of F; are added together from the
0.1 1

mediant property, 1 & 1= anew fractions falls between

the original two is generated. This fraction is called the

mediant. The next series is found by adding the first two

fractions of F; to find the mediant % & % = 3 One finds

. g 1,1 g
the mediant of the last two fractions in F;, — &3 1T and

the next Farey sequence is found. This procedure of finding
the mediant between each pair of fraction in the previous
Farey sequence is repeated to find the next sequence. In this
paper we discuss only the extraction of Cantor Middle
{ew = 2/3) set and Cantor Middle (e = 3/7) set from Non-
Reducible Farey Sequence. The Farey fractions lie in [0,1].
Similarly the Cantor Middle set lie in [0,1]. Here we try to
construct the Cantor Middle set from Farey sequence

2. The Cantor Middle—{® = 2/5) Set:

The interval [0.1] divided it into five equal subintervals.
Remove the open intervals G;) and (;E) such that the

Cantor set contains [U, ﬂ u [;%] u EE JAgain subdivide

each of these three remaining intervals into five equal
subintervals and from each remove the second and fourth
open subinterval. This process is continued to obtain a
sequence of closed intervals.
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2.1 Lemma

Construct the Cantor quintuple set £(5) from [ - "'“],

gr—1 B gr—1

where 1 denotes the iteration.

Proof )
Consider the closed interval [ - +1] for the initial

gr—1 B gr—1
iteration and multiply = with numerator and divide it into five
equal subintervals and remove the open interval of middle
second and fourth of five portions of the interval

5k E(k+1) . .
[F_y pry ]to obtain the Cantor set intervals
; 5k 5(k+1) Sk Sk4+2y /Sk+35k+4
€(s) = [5?!—1’ gn-1 _[(Er!—i’ gn-1 ) ( gr-i ‘ gn-i )}

3k Sk +1 Sk+2 3k+3 Sk+4 5k +5
= [5?!—1.’ gn-1 ]U [ -1 * -1 ]I"’I [ -1 ! gn-1 ]
From the next iteration, again we multiply the numerator of
previous Cantor set interval and split into five sub interval to
get current Cantor set intervals. This process is repeated
until we get a Cantor set of required order.

3. Non-Reducible Farey Sequence

Consider the Non-Reducible Farey Sequence into intervals,
in these intervals the fractions cannot be repeated. Writing

the Non-Reduced Farey fractions as sequence
_ % ¥ X3 X3 Xnv—z Ew-2 Ew—1 Env

F;—{N,N,N,N,..., PR ey ¢ where

xi=x;3+1, =0, x,=N and i=01..N. The

fractions of the sequence F; are partition into closed
inervals [ 3]. (55] - [52 557 5 3
intervals [_\,,N o Py ERE e prtieny §
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3.1 Farey sequence

The sequence of all reduced fractions with denominators not
exceeding NV listed in order of their size is called the Farey
sequence of order V.

The Farey Sequence of order 5 is

0111121323451
FE, el I I I Al S b B B
16 54 3 512 2 45 6

3.2 Non Reducible Farey Sequence

The Sequence of non-reduced fractions with denominators
not exceeding I listed in order of their size is called Non
Reducible Farey Sequence of order V.

The Non Reducible Farey Sequence of order 6 is
_trrrzrriiazisiEe_ E}

15554555554555 1
3.3Non Reducible Farey IN-Subsequence
The sequence of non-reduced Farey fractions with
denominators equal to the order of the size N is called Non
Reducible Farey V-Subsequence.
The Non Reducible Farey IV-Subsequence of order 6 is
£ = Il 234 5}
* T le'6'6'6'6
3.4 Complement of a sequence

The numerator of each element of a sequence subtracted
from its order is called the complement of a sequence.

3.5 Left Half Non-Reducible Farey V-Subsequence

The sequence (?\7 {5) contains the non reducible Farey

fractions whose denominators are equal to N and the
fractions do not exceed =.

(f<d)=fn=or. (55

3.6 Right Half Non-Reducible Farey N-Subsequence

The sequence (R’f }5) is the complement of (R’f ii)
The sequence (R’f }5) contains the Farey fractions(not
reducible) whose denominators are equal to V.

(5> tetn=or...('2)

3.7 Theorem

The Cantor quintuple set €3} is the set of numbers in [0,1]
which can be extracted from Fzx.

Proof

. . ' 1
Consider the interval [5:_1,5:_1], where = denotes the

iteration value and always k = 0.
Letn =1,

k k41
5] o
In both Farey and Cantor the partition start with [0,1].
For n =2, consider the interval [ and multiply 3

with & and & + 1 to get
3k Sk +1) a3k Sk+1 Sk+2 53k+3 ok + 4 5
[5?!—1’ gn-1i :I[En—i’ gn-1 ] [ ] [
In each interval the boundary points are non-reducible Farey
k+1 Sk+1 5k 5(k+1)
fractions. Here, we remove ( ) om |- ]

gr—1' gm—1 gr—1' gm—1

E+1
sH— 1 gn— 1

-1 T

.

-1 ! gn-1

to get left half of Cantor sequence interval.

Forn =13,
Dk 25 k+1 25k ?5k+1] 2k +2 25k 43 [25k+24 25k+25]
[Sn-l’ gn-1 ] Hsr 1 gn-t ] [ gu-1 ' gn- 1] U[ gn-1 ' ogn-i ]}
From the left half of the Farey interval,namely,
["E-Fc :5;.-+1] [:5;¢+: :5R+!] [:5;¢+1.: :5;;+1.z]
gr-1' gr-1 |*| gr—-1 ¢ gm—1 |* *+ gr—1 ' gm—1
the interval
5n-2 5k + 1] 5r-1 ok + ?])
Gn-2 = N N
is removed successively .
Forn =4,
b 1(k+1] b lk+1] [5” 42543 {5“'Lk+(5”'1—1] Sty 5t
5r'1’ gu- 5r'1‘ §i-L I [ ji-iognel U"U{ 5i-L bt
The left half Farey intervals are
(';__<1}= [u ok +1] [5k+ 2 5k +3] [k + 4 5k 4] [51_”‘*(5”2 )5 "*(:) ]}
N} g+ " ger || g e || ger 0 ge j""’l gt 52 ]
The removable set of fractions is G,z U Ty
Where &, = N
(5(:‘5”'%1} 5(:.5”"+:}) (5[:.5”'%!} 5{:@"'%4}) e M 9 It P LR |
I VA I T N ' N

The set T, may in any one of the following forms

1) The numerator of the lower bound of the interval is of the
form 3%. @ is an integer and the upper bound is twice the
numerator of lower bound.

2) The numerator of the lower bound of the interval is a scalar
smultiple of 5, then add five with the numerator of the
lower bound to get the upper bound.

3)The numerator of the lower bound of the interval is of the
form 3% + [, & is an integer and [ is any one of the integers
12,3, +then the upper bound is 3% + [ + &,

(cv<3)={(% <3) MGartv 0)}

In the n®® iteration the removable fractions are identified
from the removable fractions of (n — 1) iteration and also
using the set G,_; and T, in left half of non-reduced Farey
sub interval to get left half Cantor set interval and then
determine the complement of the left half Cantor set fractions
to get all the Cantor set interval.

4. The Cantor Middle—» =3/7) SET

In Cantor middle-3/7 set remove the middle second, fourth
and sixth of seven portions of the unit interval [0,1]. For the
first iteration, the partitioned intervals are

[g%] U [:;] U [%%] U EE] In the second iteration, the

previous iteration intervals are again partitioned. The
partitioned intervals of second iterations are
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Repeating this process, we get the Cantor middle 3/7 set.

4.1 Theorem:
Extraction of Cantor middle - set from Farey sequence.

Proof:
. . K R+l
Consider the interval [_H_E_i,_ﬂ_i], where = denotes the

iteration.
Letn =1,

i 1Ih.+r'l
r—-1 * n—1
In this iteration, Farey and Cantor are same intervals.

=l M- 1”l )

For n = 2, the interval ['ﬂ, PR i—— :r'] can be written as
Tk ?(kHJ] H?k ?k+1] [Th+1 ?k+3] Tk +4 ?k+5] [Tk +6 ?k+?]}
AREL RN E A
The boundary points are non-reducible Far_ey fractions. The
- TR+l Th+2 TH+3 ThH+4 TH+5 TH+E
intervals ( 77 ]’( 7T )’( 7T ) g

removed from [%“w] to get Cantor set interval.
For n = 3, the successive removable fractions are identified
from the set
?i"!—l 2.?H_L E.TH_:L ‘}.?ﬂ_l EI??!—L ﬁ'.?ﬂ_l

‘Pn:[( 7n ' gn ]’( n ' gn ]*( o ]}
Each closed interval in the (s — 1]th iteration is multiplied
and divided by 7 and written as union of four closed intervals
as below. The partitioned intervals for n = 3 is given below
for illustration

Tk ?‘k+?] Tk 7k+1] [? k42 Tk 43
F’ 7n-1] ';mt’ ';mLJ [WL’?M v
Th+14 Thet
-1 ! -1

=[0.1]

: : :

?kH?HS] [7k+57k+7
7M’7MJ [';mt’?r't

7k+1+7k+15] FkHﬁ?kH?
= M MI “mt*;mt U
Tkt Th+ 5
M- ! -t

7k+137k+19] FH?U?H?I]
M’;mt]“mt* MI

7k+?37k+?9] PkHU?kHI] FkH??kHa] FHH?&HS]
= et MI { M’;mt] “mt’;mt] “mt*;mt]
Th+d) T+ 49
T’W

Pt 7 kt‘ﬁ] P ki 7 kHS] [7 k446 7 kH?] F k+48 T kt‘tg]
= T MI “mt*;mt] [ M’7MI Mmt* MI
The remaining removable sets of intervals i, (" = 3} are
depicted as follows.

i+l 7tz 7i+3 TIik+a 7245 7kt
=1 7 gn-1 [} ofi—1 F gn—a [’} on-1 7 on-1

7 +15 Tik+16 7i+17 7+18 7 k419 7Tik+20
-I-Ir."l.—‘_ r -I-Ir."l—‘_ vl-lr.'l.—‘_ r -I-Ir."l.—‘_ r -I-Ir."l.—‘_ r vl-lr.'l.—‘_ 1
7 +2% TiR+30 7i+31 7ik+32 72k +33 7ok+34
-I-Ir."l.—‘_ r -I-Ir."l.—‘_ r -I-Ir."l.—‘_ r -I-Ir."l.—‘_ r -I-Ir."l.—‘_ r -I-Ir."l.—‘_ 1
7443 Toh+44 Tik+4s Tk 46 Tik+47 Tok+4B
g-1 ! om-1 -1 1 on-1 |7 -1 7 on-1 f*

The removal of @, U, from F; will result in Cantor
Middle%set
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5. Conclusion

It is observed that the identifications of removable sets for
Cantor mlddle— 2 sets from F= and F.. differs slightly in

approach the other Cantor middle sets from Farey fractions
can be studied and if possible we generalized.
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