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Abstract: We prove that if U is a balanced Fy o4 (U} - domain of holomorphy in T sirelson‘s space then the spectrum of
Higs o(U) is identified with U. We show that if A is a bounded subset of a Banach space E, then

A Higse(E) — A #(&)- Also we show theorems of Banach-Stone type for the algebras F; o+ o (U) and F; o5 o (V).
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Introduction

Let E be a Banach space and let I be an open subset of E.
In [2, 15], it is proved that if E is Tsirelson‘s space, then the
spectrum of H .4 o (U) is identified with U, when
U= E. In [11], J. Mujica generalized this result for

absolutely convex open subsets of Tsirelson’s space, and
asks if the result can be improved for a more general class of

open subsets of E, for instance, polynomially convex open
subsets. In this Paper we give a partial answer to this
question, i.e., we show that the result remains true for

balanced 41 o (U)-domains  of  holomorphy on
Tsirelson’s space. we define ;.4 o (LI')-convex open

subsets and present properties and examples of such sets. We
also give some auxiliary results. Most of them are

generalizations to L/-bounded sets of known results for
compact sets. Also we show a corollary on finitely generated
ideals of the algebra H 45 o (U). Finally we show algebras
of holomorphic germs H (K} and 7 (L), improving results
from [14].

Blanced Open Subspace and Continuous
Mappings

We refer to [7,15] and [10] for background information on
infinite

dimensional complex analysis. E and Fwill always denote
Banach spaces. Let P(E; F) denote the Banach space of all
continuous polynomials from E into F. P({™E; F') denotes
the Banach space of all continuous ri-homogeneous
polynomials from E into F.

P:(™E; F) denotes the subspace of P(™E; F) generated

by all polynomials of the form P(x) = @(x)™b, for all
x € E where¢p EE'and b E F,

Such polynomials are called of finite type. When F = ©, we
write P(E), P(™E) and P¢(™E) instead of P(E; C),
P(™E; C) and Pr(™E; C) respectively.

Let U be an open subset of E. We say that a subset 4 € L/
is U-bouded if A is bounded and there exists £ == O such
that A + B(0,2) c U.

We will denote by F; o4 - (Us F) the vector space of all
holomorphic mappings f : U — F which are bounded on
every U-bounded subset. Such mappings are called
holomorphic mappings of bounded type. If F = ©, we write
Hi g+ o (U) instead of F 4z (UsC). We denote by
T( a4 =) the topology on H o4 - (U: F') of the uniform
convergence on all U-bounded subsets. H 54 - (U; F)isa
Fréchet space for this topology, and like wise H{ 44 o (U)

is aFréchet algebra. If U is balanced, it follows from the
Cauchy inequalities that the Taylor series of each
fEe H.:ﬁ 5 (U; F) at the origin converges uniformly on
each U- bounded subset. In particular, if 2y denotes the
restriction of mappings to U, then py(P(E;F)) is
T( g+ zy-dense in Hy ox o (U F).

We denote by S;g4 o (U) the spectrum of the algebra

Higs o(U), ie, the set of all continuous complex
homomorphisms (and by that we mean linear and
multiplicative) of H 45 o (U).

Every point of L/ can be associated with an element of
Sia+o(U) as follows: for each z € U fixed, let

8 :H o+ o (U) = C be defined by 5_(f) = f (=), for
all f € Hy o4 5 (U). Each & is called evaluation at Z. It
is clear that 6, € S . o (U), for all Zz€ U, and the
mapping §: U — 5,2 5 (U) is used in order to identify U
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with the subset G(U7) of 5,4 - (U). Note that & is
injective because the continuous linear forms already
separate the points of E.

We will show that under certain hypotheses on E and U/, all
the elements of 5; z+ -, (U) are evaluations at some point of

U, and in this sense we say that 5,4 - (U) is identified

with §(U).

In the following we give some needed results.

Let X be a subset of £, A be a subset of X, and
F © €(X). Then the F-hull of 4 is the following set:

A= {x € X: |f(x)| = suplfl, for alle:F}.
A

Definition(1):

Let E be a Banach space and let I be an open subset of E.
We say that IJ is:

(@) P(as e (E)-convex if A gy N U is U-bounded, for
every U- bounded
subset A;
(b) strongly P 4+ o (E)-convex if A 7z © U and is U-
bounded, for every

UJ-bounded subset A;
(© Fas = (E)-convex if A,
bounded, for every U-
bounded subset A;
(d) strongly H 5+ o (E)-convex if A,
is U-bounded, for
every U-bounded subset A;
(€) Hige o(U)-convex if A,
bounded, for every U-
bounded subset A;

E}HU IS U—

||1+£"|

a+ 5 E) C Uand

U}HU is U-

||1+£"|

The following lemma shows that the notions of (strongly)
‘.Pl: a+s) [:E:]'

convex and (strongly) H .+ .y (E7)-convex set coincide.

Lemma (2):

Let A be a bounded subset of E. Then
Hia+ o (B} — A FE)

Proof:

Since  P(E) © Hio:e 5(E), we have that

ﬂ;{i“ﬂ.:g} c EFEE}- Now let us suppose that there
a€ E,‘F‘(E} that a €4 Hige = LE) Let
f € H; 42 5(E) be such that If(a)l = supylfl. since

exists such

EFEE} is bounded and P (E) is dense in Hy 54 - (E) for
the T( o+ - topology. Given £ = O there exists P € P(E)
such that supz |f — P| < E . In particular we have
that

supylpl < sup,lp — fl +sup,lfl < 7 + sup,|fl.
Finally we ) get that
If(a)l = |f(a) — p(a)| + |p(a)| <5 +sup,lP| < & + sup,f]
, for all £ = 0, which is a contradiction.

Lemma (3):

If ‘Erﬁ‘.- pee(E) E U, for every L/-bounded subset A, then
U is strongly £ 4+ - (E)-cnvex.

Proof:

We follow ideas of [9]. Let A be a L/-bounded subset.

We must show that fl L (E) 18 U-bounded. Since it is
clear that A o(E) is bounded it remains to show that

there eX|sts =0 such that
H s 5(E) + EB(0,e) © U. Let £ = 0 be such that

A+ E(0,£) is U-bounded. Then
(4+ B(D,s]]'ﬁ.i weey(8) C U Let vEA Has (B
tEB(0,s) and 0=<8 <1 Then for each

fEH . 3.(15'] we have that

Fly +69)] < Z 6mp ()] < Z o™ suplp?"(f)

m=0
=(1-6)"" sup (O]
A+B(0.8)
where  the second inequality  follows  because

P"(f) € Higs (E)and y €A 5 (s). The third
inequality follows by applying [10], with t € B(0,£) and
r=1

Next we apply the above inequality to f™, take 7t -th roots
and let 1n — 00 to get that
|f(}’ + 5":]| = SuPA+B.:u,=-].|f |; that
is, ¥+ 6t € (A+B(0,8))5, ., s © U. By letting

8 -1 we have that v+t € U, and the conclusion
follows.

Lemma (4):
Let F € H{ 42 o (E) be a family with the property that the
function x = f(Ax) is an element of F, for every f € F

and |4] = 1. Let A € E e a balanced subset. Then A x is
balanced.
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Proof:
Let f € F.ForeachA € Csuchthat 4] = 1, let f; EF
be such that
filx) = F(Ax), for all xEE. Let ¥ EA - Then
lF(n)l = 1A = 511F'g|ﬁ1| < supylfl, proving
that A € A =, and hence A # is balanced.
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It is clear that strongly ¢ 5+ - (E)-convex open subsets
are always F¢ ;. ) (E)-convex. Also, it is easy to see that

-

A HI a+ E"l Eﬁ' = H | a+ £)
Hi as o (E)-convex  open always

H a4 o (U)-convex . The next Proposition shows that if U
is balanced, then all these notions coincide.

g N IJ, and hence we have that
subsets are

Propositions (5):

Let IJ = E be a balanced open subset. Then the following
conditions

are equivalent.

(a) Uis stongly P , + =y (E))-convex.
(b) U is stongly F; 4.+ = (E)-convex.
(©) U'is Py g+ -y (E)-convex.

(d) Uis Hy g+ o (E)-convex.

() Uis F( g2 o (U)-convex.

Proof:
The implication (@) < (b) and (¢) = (d) were proved in
Lemma (2). The implication (b) = (d) = (&) were
commented above.
(9] = (d) we show that
Heg+alld ™ AF'E}HU_H +s'_1':E:'nU’ for
every U-bounded subset A, and then conclude that I is
H os 5 (E)-convex. Let ¥ € A pepy MU and we show
that v € EH,- o Let f € FH oy o (E) fixed. Since
U is Hi g+ = (E)-convex, the set
B= A _anV{¥}is U-bounded, and since U is

balanced, given £ = 0, there is P € P (E’) such that
£
sup|f — P| = —.
B 2
Then
£
IFOI = 1f(y) — P+ [P(»)] =‘:E+suplP|.
4
On other hand:
£
sup |P| < sup |f — P| + sup |f] < =+ suplfl.
A a 4 2 4

And finally we get that |f(¥)| < £ + sup,|fl, for all
€ = 0, which implies that ¥ € A 5, _ 1.

(d) = (b) let A be an U-bounded subset. By Lemma(3),
it suffices to prove that A 5 N U First we assume

that A s balanced. Let x € Az, Define
D,={Ae€C:|A =1} and D ={1 € Dy: Ax € U}.
Then D is a disk centered at the origin because U is
balanced, and I is an open subset of D24 because I is open.
Let £ = O be such that A 7y N U + B(0,2) € U. Let
AED AxEU, and let LED; be that
lg — Alllxll < =Then  Ax € E?EE} nU  because
x E E?,:E} and E?,:E}is balanced by Lemma(4).
llpx — Axll < e,

such

Furthermore hence

ux € E?,:E} NU+B(0,g), and therefore px € U.
This implies that any point on the boundary of I belongs to
D and D is an open and closed subset of I24, and therefore
D = Dj. It follows that x = 1x € U, Since this holds for
any x € A zgy,we have proved that A 5 zy < U,

If A is not balanced, we consider B = ba(A), the balanced
hull of A.

It follows by [5] that, & is a balanced L/-bounded subset.
Then we apply the arguments above and get that

A“'{uu+s’1£:' = B“'{||J.+E'_‘|'-.E::' cu

Corollary (6):

Let A be a bounded subset of E. Then
J£1“"'f‘||1+l:'“|'£'::' ‘Ei- FLE]}:

Proof:

Since  P(E) © Hioeoy(E), we have that
Astpr oe) © Apm. For a €Az such that
‘IEEH,;MQEE}! let f; € Hizs(E) be such that

Eroafi(@)] = supy =y |f;] . since Appy i
bounded and P (E) is dense in H 5+ o (E) for the Tyas o
topology. Given € = 0 there exists P! € P(E) such that
supg, o [E=y /- Zp-, PI| < 2.

We get in particular,

supZ| p! |::: supZ|p — |::: supZ| f |
€
< > + s‘}llpZ| f; |
i=1

Hence
Yis@ls Y@= ri@l+ Y |p@
=1 I i=1
=‘:E+sup fore=0.

2 A

which is a contradiction.

Corollary (7):

Let F € H{ 42 o (E) be a family with the property that the
function x = f{(A; + A, + -+ 4,)x) is an element
of F, forevery fEF and [4; + A, +--+ 4, | =1,

Let.A = E be a balanced subset. Then fl is balanced.
Proof:
Let fEF, for each Ay Ay, ..,d, € C such that

A, + -+ A0 =1 jet fnji._+---+in} € F be such that
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fie .2y @ =F((Ag+-+4,)x),  for
xEE Lety E EF. Then

If((A+ A+ + A0 = |f.:,1.+ ...+.aL_,,}[:}’:]|
= Siplf:.i._+‘i,.+---+iﬂ}| = SEPUFL

any

proving that (A, + -+ A,)¥ € A =, and hence 4 = is
balanced.
Next we give some examples.

Example (8):

Let PeP(™E;F) and let
U={x €E:||P(x)|l =1}. Then U is a balanced
H o+ = (E)-convex open set.

Proof:

Clearly L7 is a balanced open set. Let A be an U/-bounded
subset of U. Let £ == O denote the distance from A to the
boundary of U, and let ¥ = sup,._4llxll. If x € A and

1=2<1+7 then llAx—xll =11 1lllxll < &
hence Ax e U, and therefore
Pl = |P(Gan)| = amiIp@ol < 27
Taking in the right-hand _side the infimum over all 4 such
that 1<A<1+ ; we conclude that
IP(x)ll=c=(1+ )7 < 1foreveryx € A,

Let us show that A o, oE S U Let
yE Eﬁ.i“ o Eyand @ EF. Then
@ oP € Hi oy 5(E) and hence
lg o P(¥)| < sup,le » P|.

Now

()l = sup le(P(¥))| < sup suple(P(x))|l<

PEER
and hence ¥ € U,

This shows that EH‘.-M N is LJ-bounded, because if
0<<c=1 then . evéry bounded  subset  of
fxe E:||P(x)Il = ¢} is U-bounded. Hence U is
strongly Hy o+ - (E)-convex by Lemma (3). Finally U is
H a4 2 (U)-convex by Proposition (5).

@EEBp; xEA

Corollary (9):

Let PEP(™E) and let U ={x € E: |P(x)| < 1}.
Then U is a balanced H o+ - (U)-convex open set.
Corollary (10):
let A E€L(E,...,E ;F) and E= E; X ... XE_.
Then
U={(xq,x,) EE: |A(xy, .., x )l = 13
is a balanced H 4+ o (U)-convex open set.

Corollary (11):

Let U=1{(x,A) €EE X C:|[Ax|| < 1}. Then U is a

balanced o4 o (U)-convex open set. In [13], B.

Tsirelson constructed a reflexive Banach space X, with an
unconditional Schauder basis, that does not contain any

subspace which is isomorphic to ¢, or to any {-’?,. R. A
lencar, R. Aron and S. Dineen proved in [1] that :Pf (MX)is
norm-dense in P (X)), for all m € M. Inspired by this
result, we will say that a Banach space E is a Tsirelson-like
space if E is reflexive and P¢(™E) is norm-dense in
P(ME), forallm € M,

We have The following theorem.

Theorem (12):
Let E be a Tsirelson-like space, and let I be a balanced

Hl:rz+ ) [:'U:]
convex open subset of E. Then the spectrum of
Hi a4 o (Uis identified with U.

Proof:

Since U is balanced and H 54 = (U)-convex, it follows by
Proposition (5) that U is strongly o4 o (U)-convex.
Now we follow the ideas of [11]. Let T: o4 - (U) = C
be a continuous homomorphism. Then there exists ' = 0
and a L/-bounded subset A = I such that

IT(Al=cC sgp|f|, for all f € H{ 44 5 (U).

Since T is multiplicative, we have that
IT(AOHI™ = IT(f™)| = C suplf|* for every n € N.
4

Taking 1 -th roots and making 7@ —* @2 we conclude that

actually € =1, Let # = 0 such that 4 € B(0,7). In
particular, we have that

IT(f)| < supulfl < supgegnlfl, for all fEE.
g\gﬁqu\ﬁlggqp\t_e that {'JE, E E"= E, so there exists a
wrigue @ € E suchthat T(f) = f(a), forall f € E', and
hence T(P) =P(a), for all P € F(™E), for all
m € N. Since P¢(™E) is norm-dense in P (™ E), for all
m € M, it follows that T(P) = P(a), forall P € P(E).
Then we have that [P(a)| = [P(f)] < sup,|P|, forall
P e P(E), which implies that
ae EFEE} = E;.{I: argE) U, Since U balanced, we
have that P (E) is T; 5+ o-dense in H o4 - (E),

and then we conclude that T(f) = f(a), for all
f € H; o4+ (E), proving the Theorem.

Definition (13):
Let E be a Banach space and let I be an open subset of E.
We say that U is a Hy 14 o (U)-domain of holomorphy if

there are no open sets ¥ and W in E with the following
properties:

(@) V' is connected and not contained in L;
bBd+=WclUnl;

(c) for each f € H s o (U) there exists f € H (V)
such that f = f on W.
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The following corollary is the announced result for balanced
H o+ o (U)-domains of holomorphy.

Corollary (14):
Let E be a Tsirlson-like space, and let U be a balanced
H o+ o (U)-domain of holomorphy in E. Then the

spectrum of F; .4 - (U] is identified with U.

The following result is a consequence of Corollary (14). It
says that under the hypotheses of Corollary(14), every proper

finitely generated ideal of }| o+ ., (U) has a common zero.

Theorem (15):

Let E be a Tsilrson-like space. Let ' © E be a balanced
.'I-E,: at £) (I7)-domain  of holomorphy.  Then given
fir s o € H g5 3 (U) without common zeros, we can
find 81, s 85 € H o 2 (U) such that

Z?:lfigl =1

In [3], S. Banach proved that two compact metric spaces X
and ¥ are homomorphic if and only if the Banach algebras
C(X), €(Y) are isometrically isomorphic. M.H. Stone, in

[12] , generized this result to arbitrary compact Hausdorff
topological spaces, the well-known Banach —Stone theorem.

Algebras of holomorphic germs

In [14], D.M. Vieira presents similar results for algebras of
holomorphic functions of bounded type, using results on the

spectrum of such algebras. More specifically, let E and F be
reflexive spaces, one of them a Tsirelson-like space, and let
UCE and V © F be absolutely convex open subsets.
Then it is shown that the algebras H .+ o (U) and

H o+ o (V) are topolo-gically isomorphic, if and only if
there is a special type of holomorphic mappings between LJ
and V. To show these results we use the characteriz-ation of
the spectra of H; o+ -, (U) with U due to J. Mujica, [11].

Now we are going to generalize this result to balanced
H g+ o (U)-domains  of  holomorphy, using the

characterization of the spectrum of }; .+ ().

Let E and F be Banach spaces, and U © E and V' © F be
open subsets of E and F, respectively. We denote by
Hias (V. U) the set of all holomorphic mappings

@ :V = E with @(V)c U, such that ¢ maps V-
bounded subsets into I-bounded subsets.

Theorem (16):

Let E and F be reflexive Banach spaces, one of them a
Tsirelson-like space. Let I © E and ¥ © F be balanced
H 24 --domains of holomorphy. Then the following

conditions are equivalent.

(@) There exists a bijective mapping ¢ : V' — IJ such that
@ E H{ at &) (V’ 'U:] and ‘P_l = H{ at =) ('Ur Vj'

(b) the algebras o4 o (U) and Higs (V) are
topologically isomorphic.

In [14] it is shown that if K © E and L © F are absolutely
convex compact subsets of Tsirelson-like spaces, then the
algebras ' (K) and H (L) are topologically isomorphic if
and only if K and L are biholomorphically equivalent.

The key to the proof of such result is a theorem of Banach-
Stone type between algebras of holomorphic functions of
bounded type [14]. We are going to present a generalization
of this result to greater class of compact sets, using Theorem
(15).

Let E be a Banach space, and let K  E be a compact
subset. We define 7 (K') to be the algebra of all functions
that are holomorphic on some open neighborhood of K. The
elements of H (K) are called germs of holomorphic
functions. We endow FH (K) with the locally convex
inductive limit of the locally convex algebras(FH (U}, T,,),
where U varies among the open subsets of E such that
KcU wU,=K+ B(D,%], for all m € M, then it is

easy to see that:

(F(K),7,) = Hm FH . 5(U,).

neEl

Definition (17):

Let E be a Banach space, let K be a compact subset of E
and let m € M. We say that K is P("E)-convex if
K == E;-Fl:mE:I'

Before we present examples of balanced (™ E’)-convex
compact sets, we shall need the next lemma. If A is a subset
of a Banach space, we denote by I'(4) the closed, absolutely
convex hull of 4.

Lemma(18):

Let E be a Banach space and let A be a bounded subset of
E. Then

Eyf.:mgj c T'(A), forallm € N,

Proof:

Let v & T'(A). By the Hahn-Banach Theorem, there exists
@ € E'such that [ (¥) | = sup,..rqle(x)]
Hence [@™ (¥)] = sup,criqle™ (x)] = sup,le
which shows that v & E?f,:mg}.

ml,

Example (19):
Every absolutely convex compact subset of Banach space E
is P(™E}-convex, forall m € W,
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Proof:
Let K © E be an absolutely convex compact set. Since
P:(ME) c P(ME), we have that

K zmgy _f?_?fl:mg:l CT(K) =K, where the last
inclusion follows by Lemma(18).

Example (20):

Let E be a Banach space, and L © E be a compact,
balanced and P{™E")-convex set. Let P € P(™E). Then
K={x&eL:|P(x)| =1} is compact, balanced and
P(™E)-convex.

Theorem (21):

Let E be a Banach space and let K be a compact, balanced
and P(™E)-convex subset of E, for some m € M. Let U
be an open subset of E such that £ © U, Then there exists
an open set ¥ < E which is balanced and F 54+ o (V)-
convex, suchthat K — IV = U.

Proof:

We begin with a slight modification of [10]. If T(K) © U,
then we take V' = I'(K) + B(0, ), where £ is such that
T(K)+ B(0,s) c U. If T(K) is not contained in U,
then for each a € T(K) \ U there is P € P(™E) such
that supg|P| <1< [P(a)l. Since T(E)\NU s
compact, we can find polynomials Py, ..., P, € P(™E)
such that

F(K)\U c U{x cE: |P(0)] > 1}.

=1

Now it is easy to see that
{x eT(K):|P(x)| = 1.forj=1,.. .k} CU.
Next we follow the arguments of [10], finding a positive

number & = O such that:
V=(T(K)+ B(0,e))n{x € E: |F_'J[x:]| <1 ,forj

Now V" is balanced and H o+ .y (V)-convex, by Corollary
9).

Let E and F be Banach spaces, and let K © E and L © F
be compact subsets. We say that K and L are
biholomorphically equivalent if there exist open subsets
UCE and VCOF with KU and LEV and a
biholomorphic mapping @: V — U such that @(L) = K.
The next theorem is the announced result for algebras of
holomorphic germs, and generalizes [14].

Theorem (22):

Let E and F be Tsirelson-like spaces. Let K — E and
L © F be balanced compact subsets, such that K is
P(™E)-convex, and L is P(*F)-convex, for some
m, k € M. Then the following conditions are equivalent.

(a) K and L are biholomorphically equivalent.

(b) The algebras H (K) and FH (L) are topologically
isomorphic.

Proof:

(a) = (b)[14] applies.

(b) = (a) We claim tat H (K is the inductive limit of a
sequence of Fréchet spaces H o4 o (V,), where each V,, is

balanced and Py, (E)-convex (and the same for (L))
Indeed, let U, =K + B[D:%], for every n € N,

Appling Theorem (21), for each 1 € M there exists a

balanced JH-convex open subset V,, such that

KcV, cU,. Since H(K)= lim,enwH,(U,) and
—

the  inclusion  Hj s ;}(Un] S Hiar z}(ﬂ] is

continuous, we have that H (K) = lim new F (V)
-

and our claim is proved. Next we apply the same arguments
of (b) = (a) of [14].
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