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Abstract: Singh S.P (2004), Gatoto, J.K & Singh, S.P (2008) discussed the curvature Inheritance in Finsler space under certain usual 

conditions and investigated necessary condition for curvature inheritance. The object of present paper is to discuss the existence of 

curvature inheritance in H-⊕ Recurrent Finsler space. Some significant results have been established. 
 

Keywords: Curvature Inheritance, Recurrent Finsler Space 

 

1. Introduction 
 

Consider an n-dimensional Finsler spaceFn 4  in which 

the Berwald connection coefficient  Gjk
i = ∂j

 ∂ kGi and is 

based on the metric tensor gij x, x  . Here Gi x, x   is 

positively homogeneous of degree two in its directional 

arguments x ̇
i
 i.e 

 

(1.1) ∂h
 Gix h = Gh

i x h = 2Gi  

 

The covariant derivative of a tensor field Tj
i  with respect to 

xk  is given by  4  
 

(1.2) Tj(k)
i = ∂kTj

i  − ∂m Tj
i Gk

m +  Tj
s Gsk

i − Ts
iGjk  

s , 

 

where Gmk
i  x, x   is Berwald connection coefficient, 

positively homogeneous of degree zero in x . 
 

The Berwald connection Ghj
i  satisfies the following 

identities- 

 

(1.3) (a) Ghjk
i x h = ∂ h Gjk

i x h = 0 

 

(b) Ghj
i x h = Gj

i 

 

(c) Ghj
i = ∂ h Gj

i 

 

(d) Ghjk
i = ∂ h Gjk

i = ∂j
 ∂ kGh

i  

 

The commutation formula arising due to covariant 

derivative is given by  4  
 

(1.4) Tj h (k)
i − Tj k (h)

i = − ∂ rTj
iHhk

r − Ts
iHjhk

s + Tj
sHshk

i , 

 

where, 

 

(1.5) Hhjk
i = ∂kGhj

i − ∂jGhk
i + Ghj

r Gik
i − Ghk

r Grj
i +

Grhk
i ∂j

 Gr − Grhj
i ∂k

 Gr , is well known curvature tensor. 

 

The tensor Hjk
i  and Hk

i  are defined as  

 

(1.6) Hjk
i = Hhjk

i x h = ∂k ∂ jG
i − ∂j ∂ kGi + Gkr

i ∂ jG
r −

Grj
i ∂ kGr , 

 

(1.7) Hk
i = Hjk

i x j = 2 ∂kGi − ∂h kGix h + 2Gkl
i Gl −

∂ lG
i ∂ kG𝑙 . 

 

The curvature tensor Hjhk
i  satisfies following identities:- 

 

(1.8) (a) Hjhk
i = −Hjkh

i   

 

(b) Hjhi
i = Hjh   

 

(c) Hhjk
i x h = Hjk

i  

 

(d) Hhjk
i x h x j = Hk

i  

 

(e) Hjk
i x j = −Hkj

i x j = 0 

 

(f)  Hji
i = −Hj . 

 

(1.9) (a) Hj
i  x j = 0  

 

(b) H =
1

n−1
Hi

i 

 

(c) Hjk x j = Hk . 

 

Now we consider an n-dimensional Finsler space Fn  

equipped with a non-symmetric connection Γjk
i  x, x  ≠

Γkj
i  x, x  . Which is based on non- symmetric metric tensor 

gij x, x  ≠ gji x, x  .  

 

Also Γjk
i  is homogeneous of degree zero in its directional 

arguments x ′s. 

 

Well known ⨁− covariant derivative of a contravariant 

vector X i is given by  2  
 

(1.10) X+| j
i = ∂jX

i −  ∂m
 Xi Γkj

m x k + XkΓkj
i ,  

 

where Γjk
i = Mjk

i  x, x  +
1

2
Njk

i  x, x   
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Here Mjk
i  x, x   and 

1

2
Njk

i  x, x   denote symmetric and 

skew-symmetric parts of Γjk
i  

 

Also another type of covariant derivative field as ⊖− 

covariant derivative is defined as:- 

 

(1.11) X−| j
i =  ∂jX

i −  ∂m
 Xi Γ kj

m
𝑥 k + Xk  Γ kj

i
,  2  

 

where Γ kj
i
 x, x  = Γkj

i  x, x   

 

The commutation formula involving ⊕−covariant 

derivative may be given as  

 

(1.12) X+| hk
i − X−| kh

i =  − ∂m
 Xi Rhk

m +  Xm Rmhk
i +

 X+| m
i Nkh

m ,  2  

 

where Rijk
h  is corresponding curvature tensor defined by  

 

(1.13) Rijk
h = ∂kΓij

h − ∂jΓik
h +  ∂m

 Γik
h   Γsj

m x s −

 ∂m
 Γij

h  Γsk
m x s+ Γij

p
 Γpk

h − Γik
p

 Γpj
h ,  

 

Definition (1.1): An n-dimensional Finsler space Fn  is said 

to be R−⨁ Recurrent Finsler space if its curvature tensor 

Rhjk
i  satisfies the relation  2  

 

(1.14) Rhjk +| s

i = β
s
Rhjk

i , 

 

where 𝛽𝑠(𝑥) denotes a non-zero covariant recurrence 

vector field. We shall use the following result  

 

(1.15) 𝑥 +| 𝑘
= 𝑥 −| 𝑘

= 0  

  

In analogy to definition (1.14), here we define H−⨁ 

Recurrent Finsler space: 

 

Definition (1.2): An n-dimensional Finsler space 𝐹𝑛  is said 

to be H−⨁ Recurrent Finsler space if its curvature tensor 

𝐻ℎ𝑗𝑘
𝑖  satisfies the following relation: 

 

(1.16) Hjkh +| m

i = β
m

(x)Hjkh
i , 

 

where 𝛽𝑚 (𝑥) denotes a non-zero covariant Recurrence 

vector field. 

 

Let us consider an infinitesimal point transformation  

 

(1.17) x − = xi + vi x dt, 
 

where 𝑣𝑖 𝑥  is a contravariant vector field and dt is an 

infinitesimal point constant 

  

In view of infinitesimal transformation (1.17) and 

covariant derivative defined by (1.10) and (1.11), the Lie 

derivative of tensor field 𝑇𝑗
𝑖  and connection coefficient 𝛤𝑗𝑘

𝑖  

is defined as  3  
 

(1.18) LvTj
i =  Tj+|k

i vk  + Th
i v−|k

h − Tj
h v−|j

h +

 ∂h
 Tj

i (v−|k

h x k), 

(1.19) Lv  Γjk
i =  v−|j+|k

i +  vh Rjkh
i + ∂r

 Γjk
i (v−|h

r x h ). 

 

In view of Lie derivative (1.19), the Lie derivative of 𝐻𝑗𝑘 ℎ
𝑖  

is given by  

 

(1.20) Lv Hjkh
i =  Hjkh +|m

i vm +  Hmkh
i v−|j

m + Hjmh
i v−|k

m +

 Hjkm
i v−|h

m − Hjkh
m v−|m

i + ∂h
 Hjkh

i (v−|r
m x h ). 

 

Definition (1.3): An infinitesimal transformation (1.17) is 

said to define curvature inheritance if the Lies derivative 

of Berwald curvature tensor 𝐻𝑗𝑘 ℎ
𝑖  satisfies the following 

relation: 

 

Lv  Hjkh
i =  λHjkh

i ,  5  

 

where λ(x) is a non-zero scalar function. 

 

2. H−⨁ Curvature Inheritance 
 

Definition (2.1) In H−⨁ Recurrent Finsler space 𝐹𝑛
∗, if the 

curvature tensor field 𝐻𝑗𝑘 ℎ
𝑖  satisfies the relation 

 

(2.1)  Hjkh
i =  α x Hjkh

i , 

 

where α(x) is non-zero scalar function, is called H−⨁ 

Curvature Inheritance. 

 

Definition (2.2): A H−⨁ Recurrent Finsler space 𝐹𝑛
∗ is 

said to be H−⨁ Curvature collineation if  

(2.2) LvHjkh
i = 0. 

 

Definition (2.3): A Finsler space in which Berwald 

curvature tensor 𝐻𝑗𝑘 ℎ
𝑖  satisfies the relation – 

 

 Hjkh +|m

i = o, 

 

is called H−⨁ symmetric Finsler space. 

 

Consider an infinitesimal concircular transformation 

(2.4) x i = xi + vidt, v−|j
i = λδj

i
 

 where λ is non-zero constant. 

 

In view of existence of curvature Inheritance and result 

(1.16), (1.20) becomes 

 

α x Hjkh
i  = β

m
vm  Hjkh

i + Hmkh
i  v−|j

m +  Hjmh
i  v−|k

m +

 Hjkm
i  v−|h

m −   Hjkh
m  v−|m

l +  ∂ m Hjkh
i (v−|r

m x r) 

= β
m

vm  Hjkh
i + Hmkh

i  λδj
m  +  Hjmh

i  λδk
m  +  Hjkm

i  λδh
m −

Hjkh
m  λδm

l +  ∂ m Hjkh
i (x rλδr

m ) 

 

due to homogeneity condition of 𝐻𝑗𝑘 ℎ
𝑖 , above equation 

reduces to 

 

α x Hjkh
i  =  β

m
vm  Hjkh

i +  Hjkh
i  λ +  Hjkh

i  λ +  Hjkh
i  λ −

Hjkh
i  λ + ∂ m Hjkh

i (x rλδr
m ) 

=β
m

vm  Hjkh
i + 2 Hjkh

i  λ 
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(2.5)  α(x) − β
m

vm − 2λ  Hjkh
i = 0 

 

For non-flat Finsler space, Hjkh
i ≠ 0 so (2.5) becomes  

 

(2.6) α(x)= β
m

vm + 2λ 

 

Theorem (2.1): The necessary condition for existence of 

concircular curvature inheritance in H−⨁ Recuurnt 

Finsler space is given by (2.6)  

 

If we take H−⨁ symmetric Finsler space then transvecting 

(2.3) by 𝑣𝑚 , we get  

 

(2.7) vm Hjkh +|m

i = 0 

 

If 𝛽𝑚 = 0 i.e H−⨁ recurrent Finsler space becomes H−⨁ 

symmetric Finsler space, then 

 

(2.8) α = 2λ. 

 

Corollary: In H−⨁ Symmetric Finsler space, the 

concircular transformation admits curvature Inheritance 

and non-zero scalar function  

 

α = 2λ. 

 

3. Curvature Inheritance in special 

Recurrent Finsler space 
 

Consider the vector field 𝑣𝑖  in the following Recurrent 

form  

 

(3.1) v−|j
i = ψ

j
vi , 

 

where ψ
j
(x) denotes an arbitrary covariant vector and the 

field spanned by above form is called Recurrent vector 

field. 

  

 

Now we consider an infinitesimal transformation  

 

(3.2) x i = xi + vidt, v−|j
i = ψ

j
vi  

 

Such transformation is called Recurrent transformation. 

 

In view of Recurrent transformation(3.2) and (1.14), (1.12) 

reduces to  

 

(3.3) LvHjkh
i  = β

m
vm  Hjkh

i + Hmkh
i  ψ

j
vm  +

 Hjmh
i  ψ

k
vm + Hjkm

i (ψ
h

vi) −  Hjkh
m (ψ

m
vi) +

 ∂ mHjkh
i (ψ

r
vmx r) 

 = β
m

vm Hjkh
i +(Hmkh

i ψ
j

+ Hjmh
i ψ

k
+ Hjkm

i ψ
h
)vm −

 Hjkh
m (ψ

m
vi)  + ∂ r(H

jkh

i
ψ

r
)vmx r  

 =β
m

vm Hjkh
i + (H

mkh+|j

i + Hjmh+|k

i + Hjkm+|h

i +

∂ rHjkh+|r

i x r)vm −  Hjkh
m (ψ

m
vi) 

 

(3.4) ⇒  LvHjkh
i  ≠ 0. 

 

Thus we have, 

 

Theorem (3.1) In H−⨁ recurrent Finsler space, recurrent 

transformation (3.2) admits curvature Inheritance. 

 

If H−⨁ recurrent Finsler space admits curvature 

inheritance then (3.3) becomes  

 

(3.5)  α− β
m

vm Hjkh
i =  β

m
vm Hjkh

i + (H
mkh+|j

i +

Hjmh+|k

i + Hjkm+|h

i +  

 ∂r
 Hjkh+|r

i x r)vm+ Hjkh
m ψ

j
vi. 

 

Theorem (3.2) If H−⨁ recurrent Finsler space admits 

curvature inheritance subjectto recurrent transformation 

given by (3.2) then (3.5) holds good. 
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