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Abstract: We have investigated the effect of crystal field potential together with the Ce - Ce exchange interaction on the magnetic 

anisotropy energy, magnetization, and magnetic susceptibility of the Kondo compound CeAgAs2. The effective Hamiltonian for the Ce3+ 

ion was approximated by assuming a tetragonal crystal field, for which the crystal field parameters are estimated using a maximally 

localized Wannier function approximation, while the exchange part is approximated by mean field approach. Energy eigenvalues and 

eigenvectors of the magnetic ion in the structure (Ce3+) are determined by diagonalizing the effective Hamiltonian and hence used to 

estimate the direction - dependent free energy. The magnetocrystalline anisotropy energy was extracted as well as magnetization and 

magnetic susceptibility in the principal crystallographic axes. Our results reveal that the c - axis is the hard direction of magnetization, 

while the ab plane is clearly the easy plane, in qualitative agreement with the experimental findings of previous investigations. 
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1. Introduction 
 

Kondo lattice compounds of the form HfCuSi2 have been sub-

jected to extensive research effort in condensed matter phys-

ics, as it has resulted in the discovery of an abundance of phe-

nomena such as valence fluctuation, quantum phase transi-

tion, and heavy fermion [1].  

 

The interplay between the Ruderman, Kittel, Kasuya, and Yo-

sida (RKKY) interactions and the Kondo effect in Ce - based 

intermetallic compounds was the major subject of investiga-

tions, as it underlies interesting phenomena in Ce - based 

compounds [2].  

 

The magnetism of an intermetallic compound depends on two 

major effects: the crystalline electric field (CEF) and hybrid-

ization between 4f and conduction electrons. A weak hybrid-

ization between localized Ce 4f - electrons and the conduction 

electron should result in a magnetic ground state, while a 

strong one should give rise to a non - magnetic state as a result 

of taking the 4f - electron to an intermediate ground state. 

Both crystal electric field and hybridization depend on the 

atomic environment around the Ce atoms, where the Ce atom 

occupies a unique atomic position in the unit cell for most Ce 

- based compounds. Some Ce intermetallic compounds have 

two or more crystallographic sites for the cerium atom, which 

results in different hybridization strengths and different 

strengths of RKKY exchange interaction, resulting in differ-

ent degrees of localization for Ce atoms occupying different 

atomic sites [3].  

 

Myers et. al. have reported that compounds of the form 

RAgSb2 (R=Y, La - Nd, Sm, and Gd - Tm) have generally 

shown strong magnetic anisotropy due to CF splitting of 

ground states of R atoms with a magnetic moment lying in the 

basal plane and additional anisotropy within the basal plane 

for DyAgSb2 [4]. As reported by Demchyna et al. and after-

wards by Eschen et. al., compounds of the form HfCuSi2 crys-

tallize in a tetragonal unit cell (space group P4/nmm No.129) 

[5, 6], with the Ce atom occupying a unique 2c position. An 

XRD investigation conducted by Mondal et. al. [2] has re-

vealed that CeAgAs2 crystallizes in an orthorhombic type of 

crystal structure (space group Pmca No.57), which is con-

nected to the HfCuSi2 tetragonal structure by the relations 

√2𝑎𝑇 and 2𝑐𝑇, with Ce atoms occupying two distinct 4d 

Wycoff positions. The symmetry inequivalence is assumed to 

underlie some interesting properties.  

 

Early reports show that CeAgAs2 orders antiferromagneti-

cally at Neel's temperature (TN) of 5.5 K; two AFM - like tran-

sitions were subsequently observed at Tn = 4.8 K and 6 K, 

with a magnetic moment of 1 𝜇𝐵 confined to the basal plane 

ab of the unit cell [7]. The existence of two AFM transitions 

was asserted by Mondal et al. [2], but most recent investiga-

tions conducted by Szlawska et. al. [8] have shown a slightly 

different result, which is that the AFM ordering below occurs 

at Tn = 5.5 K while the metamagnetic (MM) transition occurs 

at an external field of 0.3 T. The study has also shown that 

magnetic properties are hardly anisotropic throughout the ab 

- plane due to the very slight deviation of the compound struc-

ture from tetragonal symmetry.  

 

Despite the abundant literature on magnetic properties of 

CeAgAs2 amongst other compounds of the same family, our 

survey of previous investigation has not revealed a theoretical 

study on these compounds based on a theoretical model that 

basically combines CF and mean field approximation. On the 

other hand, a few studies have tackled the important aspect of 

MAE from a theoretical point of view. In endeavor to estab-

lish and test a theoretical model that may successfully account 

for MAE and subsequently other magnetic properties of RE - 

based compounds, we have adopted an approach based on the 
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combined effect of the crystal field interaction and the mean 

field approximated exchange interaction exhibited by f - elec-

trons of Ce atoms to account for the MCA for the structure - 

optimized unit cell of CeAgAs2, where the determination of 

the CF parameters was based on maximally localized Wannier 

functions (MLWF) approximation. The rest of this paper is 

organized as follows: in Section 2, we give a brief account of 

the theoretical method used for calculation, while the results 

are presented and discussed in Section 3. The conclusion is 

presented in Section 4.  

 

2. Method 
 

2.1 Crystallographic Structure and CFP’s 

 

In order to determine the optimum crystallographic structure 

and magnetic phase, we have carried out DFT - based first 

principles calculations on an orthorhombic unit cell of 

CeAgAs2. In our calculation, we used the full potential line-

arized augmented plane wave method (FPLAPW) as imple-

mented in the Vienna Ab - initio Simulation Package 

(WEIN2K) [9]. To treat the electron exchange and correla-

tion, we have employed the PBE - sol generalized gradient 

approximation (GGA) parameterized by Perdew - Burke and 

Ernzerhof [10]. The total number of plane waves employed in 

the calculation was determined by taking the limit of RMT * 

Kmax = 8.0 (RMT being the muffin - tin sphere radius, and Kmax 

is the maximum amplitude of the lattice vector taken for a 

plane wave). For all calculations, a k - space mesh of 12×12×6 

k - points were used throughout the reduced Brillouin zone. 

The self - consistent cycle is considered convergent when the 

total energy of the material is stable within 1.0×10−4 Ry. En-

ergy minimization versus unit cell volume was carried out for 

both FM and AFM configurations of Ce3+ ions. SCF calcula-

tions were repeated for the minimized crystal structure to de-

termine the Ce 4f energy bands, wherein the Hamiltonian is 

then expressed in terms of the Wannier basis, particularly 

maximally localized Wannier functions (MLWF), from 

which we could extract the on - site CF Hamiltonian. To com-

plete the last step, we have combined the WIEN2WANNIER 

[11] and the WANNIER90 [12] software packages.  

 

2.2 The effective Hamiltonian:  

 

The effective Hamiltonian, including CF and exchange 

effects, can be written as 

 
 

where 𝐻𝐶𝐹 is the CF interaction Hamiltonian given by the 

form [13]:  

 

 
 

Here 𝐵𝑘𝑞  are the crystal field parameters (CFP’s), usually 

derived from neutron scattering or magnetic susceptibility 

data, and �̂�𝑘
𝑞
 represent the corresponding Stevens’ operator 

equivalents. Assuming magnetization in the crystallographic 

c - direction (z - axis), the operator equivalents �̂�𝑘
𝑞
 may be 

expressed in terms of the polar angle 𝜃 and the azimuthal 

angle 𝜑 [14] (see Appendix A).  

 

The term 𝐻𝑒𝑥  in equation (1) is the part indicating the ex-

change interaction between neighboring Ce - atoms. This 

term is approximated using the mean field approach as 

 

 
 

Where 𝑔 is the Lande g - factor, 𝜇𝐵 is the Bohr magneton, and 

𝐵𝑒𝑥is the mean external field due to equivalent z nearest 

neighbors Ce atoms, which is an estimate for the exchange 

integral as 

 

 
 

and, for the ith Ce - atom,  

 
 

The 𝑩𝑒𝑥 is estimated by  

 
 

 

In terms of the exchange integral, the Curie’s temperature 𝑇𝑐 

can be written as 

 
 

where 𝑘 is the Boltzmann constant. For the compound under 

investigation. Following the approach adopted by Endichi et. 

al [15], we can identify two distinct sets of nearest neighbors, 

so equation (7) can be rewritten in the form 

 

 
where 𝑧𝑘 and 𝐼𝑘 are the nearest neighbor number and the 

exchange integral for the k - th set of nearest neighbors.  

 

The fourth term in the LHS of equation (1) represents the 

Zeeman interaction which represents the response to external 

magnetic field.  

 

2.3 Magnetocrystalline anisotropy energy  

 

A major source of anisotropy energy in rare earth permanent 

magnets is the magnetocrystalline single - ion anisotropy sub-

lattice. Considering a uniaxial ferromagnetic crystal, for the 

Ce - ion site being tetragonal in CeAgAs2, the magnetocrys-

talline anisotropy energy (MAE) per unit volume can be ex-

panded in powers of magnetization direction cosines accord-

ing to the relation [16]:  

 

 
 

where the parameters 𝐾𝑖 are called the anisotropy constants. 

Concerning the physical origin of MCA, we can distinguish 

between several mechanisms responsible for magnetic anisot-

ropy; one is of classical origin based on the multipole (mainly 

dipole) interactions between momenta localized at lattice 

points [16]. The second is related to the interaction between 

the charge density multipoles of a given shell and the crystal 

field. This term is of electrostatic character, referred to as the 
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magnetoelectric anisotropy, and is therefore often separated 

out and treated as a crystal field effect for localized shells (e. 

g., the 4f - shell in rare earths). The third of these mechanisms 

is the one considered responsible for magnetocrystalline ani-

sotropy in most modern rare earth magnets. It is mainly a 

combined effect of the crystalline electric field, the spin orbit 

coupling, and the intra - atomic exchange. According to this 

mechanism, the orbital motion of the magnetic electrons is 

subjected to the electrostatic crystal field due to all the other 

electrons and nuclei in the crystal. [17] 

 

The crystal field interaction is then transformed into anisot-

ropy energy via the communication of the exchange - coupled 

spins with the orbital motion of the electron; this is realized 

by spin - orbit coupling. The calculation of the magnetoelec-

tric energy is based on the Hamiltonian given by equation (1). 

In some rare earth compounds (e. g., SmCo5), the high ani-

sotropy is thought to stem from the interplay between spin - 

orbit coupling and the crystal field interaction [17]. This 

means that the strong spin - orbit coupling tries to align the 

rare earth 4f - electron shell with the magnetic field while 4f - 

shell electrons in a crystal interact with the crystal field, and 

the interaction energy depends on the orientation of the 4f - 

shell in the lattice. If the crystal field is too small in 

comparison with the spin - orbit coupling, the 4f - shell rotates 

freely with the magnetic field, producing no magnetic anisot-

ropy energy (MAE). On the other hand, if the spin - orbit cou-

pling is too small, the orbital momentum is quenched, and 

again, no MAE appears. In view of the above considerations, 

it is convenient to assume a localized 4f shell subjected to 

some cubic crystal field comparable in magnitude to the spin 

orbit coupling, so we shall adopt the second mechanism, and 

instead of considering the 4f charge density distribution to be 

either oblate or prolate, we assume the tetragonal symmetry 

pattern of charge distribution obtained in Sec.3.2.  

 

3. Result and discussion  
 

3.1 Structural Properties and Crystal Fields:  

 

Fig 1. a shows a tetragonal crystal stature of CeAgAs2 with 

space group P4nm. Fig 1. b displays energy per unit cell 

volume for FM and AFM phases. This Figure reveals that the 

ground state energetically favors AFM ground state. Table 1 

the refined lattice parameters were tabulated in column 2.  

 

 

 
Figure 1: (a) Optimized Tetragonal structure of CeAgA𝑠2unit cell. (b) Energy vs Unit cell volume for CeAgAs2 crystal. 

 

Table 1: Crystal lattice and CF parameters of CeAgAs2. 

Parameter MLWF Current Exp. [2] 

𝑎 (Å) 5.7295 5.7441 

𝑏 (Å) 5.7351 5.7696 

𝑐 (Å) 20.983 21.0074 

𝐵2
0 (𝐾) 6.022 5.79 

𝐵2
2 (𝐾) - 1.571 −2.49 

𝐵4
0 (𝐾) - 1.192 −2.40 

𝐵4
2 (𝐾) - 2.005 −1.18 

𝐵4
4 (𝐾) 1.367 1.74 

 

Table.1 shows a qualitatively good agreement of current 

results of CFP’s with experimental results obtained by 

Mondal et al. [2] in the sense that, the currently used model 

based on MLWF and ab initio calculations could reproduce 

the same signs for all CFP’s up to fourth order. There is a 

relatively large discrepancy between fourth - order values. 

However, fourth - order terms have less effect on the accuracy 

of CF field - based calculations. The eigenvalues and 

corresponding eigenstates are obtained by diagonalizing the 

CF Hamiltonian; the results are shown in Table.2. Where the 

ground state energy was found to be - 341.689 K in agreement 

with shifted eigenvalues of energy obtained by Modal. et. al., 

where the ground state is fixed to 0. This value corresponds 

to the 2 - fold degenerate G7 irreducible representation of the 

Ce site point group C2h.  
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Table 2: CF ground states and energy eigenvalues of CeAgAs2. 

Eigenvalue Eigen state |𝐽𝑀𝑗⟩ 

E (K) |
5

2

5

2
⟩ |

5

2

3

2
⟩ |

5

2

1

2
⟩ |

5

2
−

1

2
⟩ |

5

2
−

3

2
⟩ |

5

2
−

5

2
⟩ 

424.837 0.08919 0 0.12114 0 0.98846 0 

424.837 0 - 0.98846 0 0.12114 0 - 0.08919 

- 83.148 0 −0.08651 0 0.16708 0 - 0.982162 

- 83.148 - 0.98216 0 0.16708 0 0.08651 0 

- 341.689 0 - 0.02883 0 0.98584 0 0.16517 

- 341.689 - 0.16517 0 - 0.98584 0 0.02883 0 

 

3.2 Magnetocrystalline Anisotropy Energy:  

 

As was pointed out by Callen and Callen in 1960 [18], the 

presence of MCA magnetization in a ferromagnet depends 

upon its orientation as well as upon the temperature. This de-

pendence is depicted in Fig.2, where the variation of 𝐸𝑎  with 

the angles (𝜃, 𝜑). The varying of 𝐸𝑎with 𝜃 from 0 to 𝜋 while 

𝜑 is fixed to 0 as the variation in the basal plan is insignifi-

cant, as seen in Fig.3. It should be noted here that the sym-

metry reduction to orthorhombic structure is due to a small 

shift in the position of the as atom, resulting in the preserva-

tion of tetragonal symmetry to a large extent, and therefore 

anisotropy in the basal ab - plane is hardly observed.  

 

 
Figure 2: Variation of MAE with directions (𝜃, 𝜑) with 

respect to the direction of magnetization (z). 

 

 
Figure 3: Variation of MAE with the angle 𝜃 at different 

temperatures 

 

Table 3: MAE anisotropy constants 𝐾1 and 𝐾2 at different 

temperatures. 
T [k] 𝐾1 𝐾2 

5 124.66 - 293.15 

50 49.02 - 209.63 

100 00.00 - 139.23 

150 - 19.59 - 95.97 

200 - 25.12 - 69.23 

250 - 25.76 - 53.90 

 

In order to estimate the values of anisotropy constants 𝐾1 and 

𝐾2 at different temperatures, we have fitted the calculated 

values as a fourth - order polynomial of direction cosines 

according to equation (9). Table.3 shows the results of these 

calculations. Strangely enough, the results show that the 

leading term 𝐾1 has smaller magnitude than 𝐾2 and that 

𝐾2turned to be negative in for all valued in the temperature 

range considered. The variation of 𝐾1 and 𝐾2 with temperature 

is depicted in Fig.4.  

 

 
Figure 4: Variation of the anisotropy constants 𝐾1 and 𝐾2 

with temperature. 
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Figure 5: Total free energy as function of temperature for 

the direction [001]. 

 

It is noted here that the absolute value of each of the two pa-

rameters is almost exponentially decaying with increasing 

temperature. This behavior originates from two aspects per-

taining to the nature of the model used in the calculation: 

First, the temperature - dependent term of the effective Ham-

iltonian, which in this case is the exchange term (Hex), is in-

dependent of the site symmetry of the Ce ions, so that, regard-

ing the MAE, we expect this term to underlie the temperature 

dependence of MAE in general, unlike the CF terms, which 

are mainly due to charge density distribution around the Ce 

ion site.  

 

In conclusion, it is clearly noticed that the magnitude of ani-

sotropy constants and consequently the anisotropy energy 

(Fig.5) reduces at temperature due to exchange terms rather 

than CEF. The second reason for MAE to reduce as tempera-

ture can be inferred from a physical consideration of the con-

cept of magnetization itself. Since magnetization is attributed 

to a competitive effect between exchange and thermal effect, 

it is natural to see a reduction in a major factor leading to 

spontaneous magnetization (i. e the magnetization energy) ass 

temperature and the thermal effect is taken as electronic rather 

than vibrational.  

 

According to Callen and Callen [19, 20], the anisotropy con-

stant 𝐾𝑛 for magnetic ions in a crystal environment is given 

by  

 

 
 

where 𝑛 = 2 for 𝐾1in a uniaxial crystal and 𝑛 = 4 for cubic 

crystal. For the compound under investigation, Fig.4 clearly 

shows a qualitative agreement of the temperature variation of 

𝐾1 with the Callen and Callen 𝑛 (𝑛 + 1) /2 law. The sign of 

𝐾1 depends on the RE 4f charge distribution in the sense that 

at the lowest order, the MAE can be substituted for the 

unperturbed Hund’s rule ground state |𝜓4𝑓⟩ in the CF 

Hamiltonian [17], so that the anisotropy energy is given by:  

 
 

here the 𝜌4𝑓 is the density given by 𝜌4𝑓 = 〈𝜓4𝑓|𝜓4𝑓〉. We can 

rewrite (11) as follows  

 
 

The electronic charge density 𝜌4𝑓 (𝒓) has been determined 

with the aid of Racah algebra as described by Ayuel and de 

Chatel [21]. The results of our calculations reveal more pro-

lation of the distribution of 4f - electronic charge density for 

the case of the Ce3+ ion in tetragonal crystal field (Fig.6. a) 

compared with the case of free Ce3+ (Fig.6. b). This result is 

consistent with the standard calculation based on the superpo-

sition model of CF potential [22]. Following the superposition 

approach for formulating the CF potential, the dipole term of 

MAE is determined by 𝐾1 given by 

 
 

 

For a fully aligned state 𝐽𝑧 = 𝐽, Eq. (13) reduces to 

 
 

where 𝛼𝐽 is the second - order Stevens’ coefficient, which de-

scribes the shape of the ground state 4f charge density, is de-

termined by Racah fractional parentage method described by 

Elhag [23]. 〈𝑟4𝑓
2 〉 is the average square of the 4f - shell radius, 

and 𝐴2
0 is the second - order CFP that describes the CF poten-

tial. 𝐴2
0 is usually obtained by a simple point charge model of 

CF where neighboring atoms are considered point charges, 

which produce a multipole expansion of CF potential that in-

teracts with the 4f - charge density. The prolate or oblate dis-

tribution of 𝜌4𝑓(𝒓) results in a positive or negative sign of 𝛼𝐽, 

respectively [23]. The sign of 𝛼𝐽 depends on the 4f count, that 

is, it takes a negative value for the first three Re ions in each 

half cycle (i. e., 𝛼𝐽 is negative for Ce3+, Pr3+, and Nd3+) [24]. 

Using equation (A.35) of reference 21, we have obtained 

𝛼𝐽(𝐶𝑒3+) = −1386. Furthermore, the 4f charge distribution 

shown in Fig.6. b. exhibits an equatorially dented ellipsoid 

distribution that is oblate. In the case of the Ce ion in 

CeAgAs2, the 4f shell distribution calculated conforms to the 

tetragonal distribution of the CF potential, as is clearly seen 

in Fig 6. a.  
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Figure 6. (a) Spatial charge density distribution of 4f electron shell for Ce3+ ion in CeAgAs2. (b) free Ce3+ ion 

 

3.3 Magnetization and Magnetic Susceptibility:  

 

The magnetization in the ith - direction as per unit cell is given 

by the average magnetic moments [2].  

 
The eigenvalues of energy 𝐸𝑛 and the corresponding eigen-

states |𝑛⟩ are determined by diagonalizing the effective Ham-

iltonian (1). The hysteresis curve (magnetization vs. applied 

magnetic field B) was calculated for B in the range from - 10 

to 10 T along the principal crystallographic directions [100], 

[010], and [001] and temperature T = 2 K. Commensurate 

with directional variation of MCA, the results depicted in 

Fig.7 reveal a low response for magnetization in the c - axis 

compared to ab - plane where the response is identical for both 

[100] and [010] axes, which is a clear indication that the ab is 

an easy plane while the c - axis represents the hard direction 

for magnetization anisotropy. The result is in fairly good 

agreement with the experimental findings of Mondal et. al. 

[2], even though their results show the saturation magnetiza-

tion along [010] - axis is slightly higher than that along the 

[100] - axis indicating a small anisotropy in the ab plane 

which is absent in the current investigation. This discrepancy 

can be explained in view of symmetry considerations, as the 

unit cell we have theoretically obtained here is a tetragonal 

(a=b) one which would render a tetragonallysymmetric 

charge density distributions (Fig.6. a), therefore no in - plane 

anisotropy is observed.  

 

On the other hand, an orthorhombic crystal structure with a 

small difference between a and b was found by Mondal et. al 

through XRD method. The slight in - plane anisotropy there-

fore observed may hence be attributed to small variation small 

difference between a and b.  

 

The CF magnetic susceptibility was calculated using the 

equation [25]:  

 
 

where 𝛽 =
1

𝑘𝐵𝑇
. The results of 𝜒𝐶𝐹

−1 in the range of T (0–

300K) are represented in Fig.8. Upon contrasting Fig.8 with 

Fig.5, we could notice the consistency of the temperature de-

pendence of magnetic susceptibility with that of MAE. How-

ever, it is well understood that either FM or AFM susceptibil-

ity originates from MAE; consequently, we should therefore 

expect such consistency in temperature variation. In compar-

ison with experimental results obtained by magnetometry 

measurements and represented in Fig.7. a of reference [2], it 

is apparent that the general trend fairly agrees with experi-

mental measurements for almost the whole range of tempera-

ture covered by the investigation except for T < 5 K, where 

the Neel’s temperature is experimentally identified. The in-

verse molar magnetic susceptibility was also determined by 

Szlawska et. al. for a tetragonal CeAgAs2 [7]. The results ob-

tained by SQUID magnetometry parallel and perpendicular to 

[010] direction for temperature range T (0–400K) reveals that 

the compound orders antiferromagnetically with magnetic 

moment confined to the [010] axis clearly indicating that this 

direction is the hard one. Referring to the crystallographic 

axis classification they have adopted, it's worth noting here 

that the [010] - axis is in fact the c - axis according to our 

nomenclature. We hence conclude that there is qualitatively 

good agreement between current results and the results ob-

tained therein.  

 

 
Figure 7: Hysteresis curves for CeAgAs2 at T = 2 K along 

principal crystallographic axes. 
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Figure 8: Inverse magnetic susceptibility as a function of 

temperature. 

 

4. Conclusion 
 

In this study, we have proposed a theoretical model that inte-

grates DFT based ab - initio calculations with CF and mean 

field approximations to account the magnetocrystalline aniso-

tropies for RE - containing magnetic crystals. The model is 

used to calculate the effective Hamiltonian and the spatial dis-

tribution of charge density, we have subsequently investi-

gated the temperature dependence of the MAE and the mag-

netic susceptibility as well as the magnetic hysteresis in along 

the three principal crystallographic axes. The results indicated 

that, in agreement with previous experimental investigations, 

CeAgAs2 orders antiferromagnetically and exhibits high mag-

netic anisotropy with the [001] being the hard axis of magnet-

ization. Moreover, the thermal variation of magnetic suscep-

tibility and the magnetization curve were consistent with ex-

perimental findings. The validity of the model seems promis-

ing in view of the results obtained for this compound.  

  

Appendix A 

We start by considering column matrices 𝑶𝑘 and 𝑻𝑘of 

Steven’s and Racah tensor operators respectively, then we 

have the transformation equation for stevens operators 𝑂𝑘
𝑞
. 

according to the transformation [14]:  

 

 
 

Where 𝑨𝑘 has only diagonal and antidiagonal non - zero 

elements. A general transformation for tensor operators is:  

 

 
 

where {𝑻𝑘} indicate the tensor operators �̂�𝑘
𝑞
 in the 

untransformed coordinates and 

 [𝑻𝑘] is the transformed tensor.  

 

Using (A1) and (A2), we can transform the operator �̂�𝑘
𝑞
 as 

follows 

 

 

Equation (A3) defines the transformation matrix 𝑺𝑘  (𝜃, 𝜑) for 

a set of Stevens’ operators �̂�𝑘
𝑞
with a given order 𝑘.  
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