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Abstract: Classical mesh-based discretizations of parabolic partial differential equations (PDEs)- finite differences, finite elements,
and full tensor-product quadrature- incur a computational cost that grows exponentially with the spatial dimension d, a phenomenon
known as the curse of dimensionality. This barrier makes such methods impractical for PDEs arising in financial mathematics,
stochastic optimal control, and statistical physics, where d can range from tens to several hundreds. In this paper we give a self-
contained treatment of two dimension-robust alternatives- Monte Carlo evaluation of the Feynman—Kac representation and neural-
network function approximation trained on simulation-generated data, in the spirit of the deep BSDE and Deep Galerkin families of
methods—and we benchmark them against full tensor-grid quadrature on an analytically solvable (-dimensional parabolic model
problem. We derive the governing equations, describe the numerical algorithms in full detail (including pseudocode), and report
reproducible numerical experiments across dimensions d € {10, 100, 500}. Our measurements confirm that Monte Carlo error decays at
the classical rate O (N"?) independently of d, while the cost of an equally accurate full tensor grid grows like m%; for d= 8 and a modest
per-axis resolution m= 21 this already exceeds 3.8 x10" grid points, versus roughly 2.3x10° Monte Carlo samples for the same target
accuracy. We further train a two-layer neural surrogate on Monte Carlo-generated regression labels in dimension d= 50 and obtain a
relative error of 6.6% against the closed-form solution after a few seconds of training on a single CPU core, illustrating that even a very
simple network can learn a genuinely 50-dimensional function from finite data. We conclude with a discussion of the trade-offs between
these families of methods and directions for further work.

Keywords: high-dimensional PDEs, curse of dimensionality, Monte Carlo methods, Feynman—Kac formula, deep BSDE, neural surrogate
models, computational mathematics

1. Problem Consider a semilinear parabolic terminal-value problem on
0,7] x RY

1.1 The curse of dimensionality in parabolic PDEs

%(f x)+ %Tl'(J(.l')U(L’)TnCSSI‘U(t‘.I')) + (@) - Vult,x) + f(tx,u, G‘TVI-U) =0, u(T,z)=g(x), (1)

where U [0! T} xR - R is the unknown, hundreds this cost is astronomically larger than what any

. Tod 1 AR X
pRESRE g o RY RE%4 gescribe drift and foreseeable'comp}lter ‘could carry out; this is prec1s§ly the
op . . . curse of dimensionality first named by Bellman in the
diffusion, and f is a (possibly nonlinear) source term.

. . . X . . context of dynamic programming [1]. Sparse-grid
Equations of this type arise pervasively in computational . . .
. . constructions reduce the exponent in (2) from d to log d in
mathematics: the Black—Scholes—Barenblatt and Hamilton— . . .
. . . the exponent of a poly-logarithmic correction term, giving
Jacobi—Bellman (HJB) equations of mathematical finance by .
. . cost O(N (log N)*') for N points per level under a bounded-
and stochastic control, the Kolmogorov backward equation . .o, . .
con s . . o mixed-derivative smoothness assumption [2]; this is a
of diffusion processes, and semilinear reaction-diffusion

X - . . substantial improvement but the (log N)%! factor still
systems in statistical physics are all special cases of (1) [1, degrades badly once ¢ reaches into the hundreds, and the
3] ’

required smoothness assumption can fail for PDEs of
practical interest. This motivates the dimension-robust,

A classical grid-based discretization of (1) places 772 nodes simulation-based methods that are the subject of this paper.

along each coordinate axis of a bounded computational
domain and evaluates the discrete operator at every node of
the resulting tensor grid. The number of grid points is then

. . - d
#{grid points} = m*, (2) To compare methods on equal footing we use a (-

) ) ) ) dimensional linear backward heat-type parabolic PDE with a
which grows exponentially in d. Equivalently, to control the known closed-form solution, so that the error of every

discretization error at a fixed order O (m”) for some  pymerical method can be measured exactly rather than
approximation order p> 0, the total work required grows estimated. Fix T > 0 and consider

like m? = £=%P for target accuracy . For d in the tens or

(‘-). 1 ) d r
a_?(t“") +50u(t,2) =0, weRLte[0.T), u(l2)=g@):=ef3=D %  (3)

i=1

1.2 Benchmark Problem
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By the Feynman—Kac formula [10], the solution of (3) admits the probabilistic representation

u(t,z) = Elg(x + Wr_y)|,

For the quadratic terminal condition in (3) this expectation
can be evaluated in closed form, giving the reference
(“exact”) solution

ult,x) = 2l +d(T 1) (5)

Equation (5) is used only as ground truth against which the
numerical methods of Section 2 are validated; none of the
numerical methods themselves are given access to this
closed form. Although (3) is linear, it retains the essential
computational difficulty we wish to study- namely that a
direct grid discretization requires m? points- while allowing
exact error quantification across a wide range of d. The same
Feynman—Kac machinery extends, via a backward stochastic
differential equation (BSDE) representation, to the nonlinear
case . 0in (1), which underlies the deep BSDE method
described in Section 2.3 [3, 4, 7].

1.3 Related Work

Three broad families of methods have been proposed to
circumvent the curse of dimensionality for PDEs of the form
(1):

1) Sparse grids construct a hierarchical, dimension-
adapted basis that keeps only the most significant
tensor-product basis functions, reducing the degrees of
freedom from m‘ to O(N (log N)*!) under smoothness
assumptions on mixed derivatives [2].

2) Monte Carlo and Feynman—Kac methods replace
grid evaluation with sampling: the solution at a point is

W = (W;)s>0 a standard d-dimensional Brownian motion. (4)

estimated as an expectation over simulated paths of a
diffusion process, with a root-mean-square error of
order O (N'?) that is independent of ¢ [11, 10].

3) Neural-network-based solvers represent the solution,
or its gradient, by a neural network and fit its
parameters either through a BSDE-based stochastic loss
(the deep BSDE method [3, 4, 8, 7, 9]) or by
minimizing the PDE residual directly at randomly
sampled collocation points (Deep Galerkin/physics-
informed neural networks, PINNs) [5, 6]. These
methods inherit the favourable, dimension-independent
approximation properties of neural networks and of
Monte Carlo sampling, and have been demonstrated on
PDEs in a few hundred dimensions.

The present paper adopts the second and third families-
Monte Carlo/Feynman—Kac evaluation and a neural-network
surrogate trained on simulation data- and benchmarks them
quantitatively against full tensor-grid quadrature on the
model problem of Section 1.2.

2. Method

2.1 Monte Carlo evaluation of the Feynman-Kac
representation

Given the representation (4), an unbiased estimator of
u(0,20) from N i.id. samples is

1 N ! i
an(0,20) = = D g(wo + VT ZW), 20N, L), (6)
k=1

rod :
which follows from the fact that Wr = V1" Z for Z~N (Ua Id). By the central limit theorem, the root-mean-square

error of (6) satisfies

(E[(an(0,20) = u(0,20))°]) " =

where the constant variance of

g(zo + VTZ ) but- crucially- not on an exponential
function of d for terminal conditions of at most polynomial
growth. Algorithm 1 summarizes the procedure used in our
experiments (Section 3), which streams samples in fixed-
size batches so that memory use is independent of V.

depends on the

Algorithm 1 Batched Monte Carlo estimator of u(0, zo)

Require: evaluation point To € R , horizon 7, terminal
function g, sample budget N, batch size B

e Std|g(w0+vTZ)]

_ ~1/2
N =O(N"V?), (7)

Line | Step
1 S+—0 R+ N

2 | while B > Odo
3 n < min(B, R)
i.i.d.
4 draw Z1s -y Zn SN0, 1)

> S<—S+Zf=lg(arg+ﬁzg)
6 R+ R—n

end while

S/N

-

return

2.2 Full tensor-product grid (baseline)

As a baseline we consider a full tensor-product grid with m
equally spaced nodes per coordinate axis on a bounded box
containing xy. Evaluating (or discretizing) the PDE requires
visiting all m? nodes, as in (2). We use this baseline purely to
quantify, empirically, how quickly grid-based cost overtakes
Monte Carlo cost as d grows (Section 3).
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2.3 Neural-network surrogate:
Galerkin idea

deep BSDE / Deep

For a nonlinear PDE (f Z0 in (1)), the Feynman—Kac
representation (4) is replaced by a coupled forward—
backward stochastic differential equation (FBSDE). Along a

simulated forward path X, solving
dXy = p(Xy) dt + o(Xy) di”Vt, the backward
components

(Y;E: Zf) = (u(t, Xt): O—(Xt)—rvmu(t: Xf)) satisfy

dY, = —f(t. X,,Y,, Z,)dt + Z[ dW;, Yr=g(Xr).  (8)
The deep BSDE method [3, 4] discretizes (8) in time and
parameterizes the initial value (0, o) and, at every time

T P,
step, the map & 7 o(z) Vyu(t, x) by feed-forward

neural networks, whose parameters are trained by
minimizing the mean-squared terminal  mismatch
- 2
IE{ Y = g(Xr)
over simulated paths using stochastic

gradient descent. A closely related approach, the Deep
Galerkin/PINN family [5, 6], instead parameterizes u (7, x)
directly by a neural network %4 and minimizes the PDE

iig(x) = Wa ReLU(Wi + by) + by,

is then trained by minimizing the empirical mean-squared

. A2

error i i (tig (i) — i) with the Adam optimizer [12].
Algorithm 2 summarizes the procedure; note that the neural
network never receives grid data and never sees the closed
form (5)—it learns solely from noisy, simulation-based
labels, exactly as it would for a PDE with no known analytic

solution.
2.4 Experimental setup

All experiments use the benchmark PDE (3) with 1" =1

— d
and evaluation point £0 = (1: AR 1) €R , so that the
exact solution (5) is w(0,20) =d+dT = 2d using the
definition above evaluated at t =0,

_ 2 _ _
Le. u(O?IU) - H$0”2 +dl' =d+d= Qd. Three sets
of experiments were carried out, all implemented in
Python/NumPy and executed on a single CPU core:

residual || O¢tlo + Lig + f HZ together  with  the
terminal/boundary condition mismatch, evaluated at
randomly sampled collocation points rather than on a grid.
Both families replace the exponentially many grid points of
Section 1.2 with a Monte-Carlo-sampled training set
together with a neural network whose number of parameters,
for well-behaved solutions, need not grow exponentially in
d[9,7,8].

In this paper we use a simplified, single-time-step analogue
of this idea that isolates its core statistical property- learning
a genuinely high-dimensional function from a finite,
simulation-generated data set- without the additional
complexity of the temporal BSDE discretization. We

generate a training set {(Itn 3}&) }?:1 by drawing Ti
' ~

uniformly from a bounded domain [— 12, R and setting Yi

to a Monte Carlo estimate (as in Algorithm 1, with a modest

inner sample size M) ofu(o’ z;) =E [9 (373' + \/TZ)} ‘

~ . d
A neural network g : R — R,

Wy e R4 W, € RVH (9)

+ Monte Carlo convergence: for d E. {10: 100; 500}
and sample budgets N e {102v 10%,10%, 100}, we
ran Algorithm 1 with 5 independent repetitions per (d, N)
pair and recorded the mean absolute error against (5).

¢ Grid-vs-Monte-Carlo cost comparison: for dimensions
d=1,...,8 we computed the number of points m? required
by a full tensor grid with a fixed, modest per-axis
resolution m= 21, and compared this against the
(dimension-independent) number of Monte Carlo
samples needed to reach the same target accuracy,
estimated from the empirical constant in (7).

Algorithm 2 Simulation-trained neural surrogate for
x — u(0,x)

Require: dimension d, domain radius R, inner MC sample
size M, training set size 11, network width H, epochs F

Line | Step
1 X X i.i.d. . 1
draw T1s o5 T ™~ Umf([—R, R]‘)
2 [fort=1,...,nqo
3 Yi < Monte Carlo estimate of “u-((],_ € i) using M inner samples (Algorithm 1)
4 end for
fr— 4 ’f I7 e . .
5 initialize network weights 0= (” 1, bla " 25 bﬂ) (He initialization)
6 forepochzla---aEdo
7 for each mini-batch I3 of{(xiv %)} do
8 compute 0 (53%’) for? € By (9)
9 compute mean-squared loss and its gradient w.r.t. g by backpropagation
10 update £ with one Adam step
11 end for
12 | end for
13 | return trained network ¢
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o Neural surrogate: we trained the two-layer network (9)
with H= 64 hidden units on n= 3000 training points in
dimension d= 50, domain radius R= 1.5, inner Monte
Carlo sample size M= 100, batch size 128, learning rate
1073, and 1500 training epochs, and evaluated it on 800
held-out points against the exact solution (5).

All code, random seeds, and raw numerical output used to
produce the tables and figures below are available from the
author upon request, ensuring full reproducibility of the
reported results.

3. Result

3.1 Monte Carlo error is independent of dimension

Table 1 and Figure 1 report the mean absolute error of the
Monte Carlo estimator (6) as a function of the sample size N,
for three dimensions spanning two orders of magnitude. In
every dimension the error decays at very close to the
theoretically predicted rate N2 (fitted log-log slopes
between -0.47 and -0.56), and, most importantly, the error at
a fixed /V does not grow exponentially with d: at N= 10 the
error is 0.025 for d= 10, 0.070 for d= 100, and 0.112 for d=
500- all of the same order of magnitude despite a 50x
increase in dimension.

Table 1: Mean absolute Monte Carlo error

|un (0, z0) — u(0, z0) , averaged over 5 independent
repetitions, for the benchmark problem (3).

Monte Carlo error is independent of dimension d

=8~ d = 10 islope=-0.47)

- d = 100 (slope=-0.56)
—k— d = 500 (slope=-0.48)
=== reference slope —1/2

10° 4

107! -

Absolute error |0, xa) — w(0, xa)|

10t 10° 10% 10°
Number of Monte Carlo samples N

Figure 1: Log—log plot of Monte Carlo error versus sample

size N for d= 10, 100, 500. All three curves lie close to the

reference slope -1/2 (dashed), and the error at fixed N does

not grow exponentially with , in contrast with grid-based
methods (Figure 2)

3.2 Curse of dimensionality for full tensor grids

Figure 2 and Table 2 show the number of points m? required
by a full tensor grid with a fixed per-axis resolution m= 21,
for, d=1,....8, against the dimension—independent number of
Monte Carlo samples (N = 2.25 x 10”) needed to reach
the same target accuracy (taken as the empirically measured
Monte Carlo error at d= 100, N= 10°). The grid cost

N d=10 d=100 d= 500 overtakes the Monte Carlo cost already at d= 4- 5 and
102 0.573 3.335 2.943 reaches 3.78x 10'° points at d= 8- a workload that is many
10° 0.209 0.602 1.857 orders of magnitude beyond what is computationally
10 0.055 0.146 0.583 feasible, even though d = & is still a very modest
10° 0.025 0.070 0.112 dimension by the standards of the applications mentioned in

fitted slope -0.47 -0.56 -0.48 Section 1.

Table 2: Number of evaluation points required for a fixed target accuracy: full tensor grid (772 = 21 points per axis) versus
Monte Carlo

d 1 2 3 4 5 6 7 8

grid (m") 21 4.4 %102 | 93> 10 | 1.9 % 105 | 4.1 x 10% | 86 x 107 | 1.8 x 10Y | 3.8 x 10

Monte Carlo ~2 2.3 x 10 (independent of d)

Curse of dimensionality: grid vs. Monte Carlo

=@~ full tensor grid (21 pts/axis)
1 == Mante Carlo [same target accuracy)

Bt

=
—
(=]

108

105 4

104 4

102 4

Number of evaluation points required

T T T T T T T T
1 2 3 4 5 [ 7 8
Dimension d

Figure 2: Number of evaluation points required by a full
tensor-product grid grows exponentially in  (solid), while
the number of Monte Carlo samples needed for the same

target accuracy is flat in ¢/ (dashed). Note the logarithmic
vertical axis.

3.3 Neural surrogate for a 50-dimensional solution map

Table 3 summarizes the training of the two-layer neural
surrogate (9) in dimension ¢ = 5(). Figure 3a shows the
training loss decreasing steadily over 1500 epochs (about 6
seconds of wall-clock time on a single CPU core), and
Figure 3b compares the trained network’s predictions on 800
held-out points against the exact solution (5): the points
cluster tightly around the diagonal ¥ = ¥ and the overall
relative error is 6.6%. This is a deliberately simple, single-
hidden-layer network trained on noisy Monte Carlo labels
rather than the closed form; it nonetheless recovers the
qualitative shape of a genuinely 50-dimensional function
from a training set of only 3000 points, illustrating the
mechanism that deeper, better-tuned architectures exploit at
larger scale in the deep BSDE and Deep Galerkin literature
[4,5].
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Table 3: Neural surrogate training summary, d= 50.

Quantity Value
Hidden units H 64
Training points n 3000
Held-out test points 800
Epochs 1500
Training time (single CPU core) 6.0s
Final training MSE (normalised targets) 4.7x107
RMSE vs. exact solution 7.35
Relative error vs. exact solution 6.6%

Neural surrogate training, d =50

[

[=]
=]
L

Mean squared training loss {normalised)
[ -
L= (=]
& L
A

o 200 400 600 800 1000 1200 1400
Training epoch

Surrogate accuracy on held-out points, d=50

110

100

90

Meural surragate g0, x)

a0

704 &

I BO 90 100 110
Exact u(0, x)

Figure 3: Neural surrogate results for the d = H() benchmark. The network is trained purely on Monte Carlo-generated labels
and is never given the closed-form solution.

4. Discussion

The three experiments together illustrate, on a single
analytically tractable benchmark, why Monte Carlo and
neural-network methods are the tools of choice for genuinely
high-dimensional PDEs. Monte Carlo evaluation of the
Feynman—Kac formula has an error that is provably and
empirically independent of d (Table 1), at the cost of the
comparatively slow O (N?) rate; sophisticated variance-
reduction and quasi-Monte Carlo techniques can improve
the constant, and in some regimes the rate, without
reintroducing dimension dependence [11]. Full tensor grids,
by contrast, achieve much faster convergence per axis but
pay for it with the exponential point count in (2), which our
measurements show becomes prohibitive by single-digit
dimensions (Table 2). Neural surrogates trained on
simulation data inherit the dimension-robustness of the
Monte Carlo labels that generate their training set, while
offering a compact, differentiable representation of the
solution that can be evaluated cheaply at new points once
trained—the property exploited more fully by the deep
BSDE and Deep Galerkin methods referenced in Section
2.3. The 6.6% relative error obtained here with a minimal
single-hidden-layer network and a small training set (Table
3) should be read as a lower bound on what is achievable:
increasing network depth, training-set size, and the number
of BSDE time steps are all known, in the literature cited
above, to reduce this error substantially, at a computational
cost that still scales far more favourably in ¢ than any grid-
based method.

5. Conclusion

We have presented a self-contained computational-
mathematics treatment of the curse of dimensionality in

parabolic PDEs, deriving the governing equations,
describing Monte Carlo/Feynman—Kac and neural-surrogate
algorithms in full algorithmic detail, and validating both
against a closed-form high-dimensional benchmark. Our
reproducible experiments confirm the two central
quantitative claims that motivate this line of research: (i)
Monte Carlo error decays at rate O (N'?) essentially
independently of dimension, while (ii) full tensor-grid cost
grows like m? and becomes computationally infeasible
already for single-digit dimensions at moderate accuracy
targets. A simple neural-network surrogate trained on Monte
Carlo-generated data was able to approximate a 50-
dimensional solution map to within a 6.6% relative error
using a small training set and a few seconds of CPU time,
illustrating at small scale the mechanism underlying the deep
BSDE and Deep Galerkin methods that have been used in
the literature to solve PDEs in several hundred dimensions.
Future work includes extending the neural surrogate to the
full time-dependent BSDE discretization for genuinely
nonlinear PDEs such as Hamilton—Jacobi—Bellman
equations, incorporating variance-reduction and multilevel
Monte Carlo techniques to sharpen the constant in (7), and
carrying out a systematic comparison against sparse-grid and
low-rank tensor methods on PDEs without closed-form
solutions.
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