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Abstract: The purpose of the present paper is to study the S likeness of Quartic Rander's change of a Finsler space and the relation
between V —curvature tensor of Quartic and its Quartic Rander's changed Finsler space.
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1. Introduction

Let M" be an n-dimensional differentiable manifold and F"
be a Finsler space equipped with a fundamental function o
(x; y), (y' = &) of M". If a differential 1-form B (x; y) =
bi(X)y' is given on M", then M. Matsumoto [4] introduced
another Finsler space whose fundamental function is given
by
(L1 L&xy) =axy) +Bxy)

This change of Finsler metric has been called f—change [11],
[12]. If a(x,y) is a Riemannian metric, then the Finsler space
with a metric L = a + B where a = {aj(X)y'y}"” is a
Riemannian metric. This metric was introduced by G.
Rander’s [10]. In papers [1], [2], [3], [5] and [7] Randers
spaces have been studied from a geometrical view point and
various theorems were obtained. In 1978 S. Numata [9]
introduced another B—change of Finsler metric given by L =
u+ B where = {a;(y)y'y'}"”? is a Minkowski metric and p is
as above. This metric is of the similar form of Rander’s one,
but there are different tensor properties, because the
Riemannian space with the metric o is characterized by C'y=
0 and on the other hand the locally Minkowski space with
metric K by Rhijk: 0, Chijlk= 0.

In 1978 M. Matsumoto and S. Numata [8] introduced the so
called cubic metric on a differential manifold with the local
coordinate x' defined by

L = {ag()y'yy'}" (v'= &)

where a;(x) are component of a symmetric tensor field of
(0,3) type depending on the position x alone and has been
called a cubic Finsler space. This cubic metric is of the
similar form to the Riemannian metric o, which is

characterized by Siéjékazz 0, whereas cubic metric L is
characterized by éiii%jék éipLsz 0.

In the present paper we shall introduced a Finsler space with
a metric

(12) L xy) =Lxy) +Bxy)

This metric is of the similar form to the Rander’s one in the
sense that the Riemannian metric is replaced with the
Quartic metric, that is, why we will call the change (1.2) as
Quartic Randers change of Finsler metric. The relation
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between v-curvature tensor of Quartic Finsler space and its
Quartic Rander’s changed Finsler space has been obtained.

2. The Fundamental Tensors of F"

We consider an n-dimensional Finsler space F" with a metic
L (x,y) given by s

(2.1) L (x,y) = L(x.y) + bi(x)y’

where o
(2.2) L*= 2 (x)Y'YY'y?
By putting

— Zijrh 3" _ e 3K T
23) Qi = — . Q; = = :
a. = Sijr yl g yT

4 LS'
We obtained the normalized element of support [=8,L and
the angular metric tensor

Hij = EH.BJI as

(24) E| =ait+ bi
h[-‘ _ El'

(25) L=t

where hj; is the angular metric tensor of Quartic Finsler space

with metric L given by
(2.6) hi= 3(aij— aay).

The fundamental metric tensor gj; =C,-"?irf‘i‘,- (I;] = hy +LiI; of

Finsler space F" are obtained from equations (2.4), (2.5) and
(2.6) which is given by

4

(2.7) gij = 3tay+ (1 — 3v)aait (aibj+ ajby) + bib; where t = I
It is easy to show that )
9.1= Ehl—ﬂ:ﬁ vl ’ 3;'015 = 3‘-.“n‘-:ﬂiﬂ-‘) ’
ékai}' _ zliﬂi‘?f;"zi'!'ﬂkj
Therefore from (2.7), it follows (h) hv-torsion tension tensor

— T . .
Ci =0 X —ﬂl* of the Cartan’s connection CI” are given by

(28) ZLC_ijk:
6taijk+3(1—3r)(ajkai+aijak+akiaj)+3(aijbk+ajkbi+akibj) -S(aiajbk+
aiahyt ajabi) + 3(7t — 3)azga

In view of equation (2.6) the equation (2.8) may be written
as
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(2.9) Cij=1 Cipet (hymy+ hyemy+ hygmy) /2L

where m= bi— % a; and Cyy is the (h) hv-torsion tensor of the

Cartan’s connection

CT of Quartic Finsler metric L given by

(210) I—Cijk: 3 {aijk— (aijak+ ajkai+ akiaj) + 2aiajak}

Let us suppose that the intrinsic metric tensor a;(x,y) of the
Quartic metric L has non-vanishing determinant. Then the
inverse matrix (a”) of (a;) exists. Therefore the reciprocal
metric tensor g'of F"is obtain from equation (2.7) which is
given by

_ 1 (%431 (&' piealpt)
L= glly = i) *
(2.11) g o 31 +q)* aa 31+ q)

where a'= aa;, b'= allb; , b?= b'by, q = a'b= ab'=p / L
3. The v-Curvature Tensor of F"

From (2.6), (2.10) and definition of m; and a', we get the
foIIowmg identities

(3. 1) aa'= 1, apa= a* Cya'=0, h.,a 0

mia'= 0, hyb'= 3m;, mib'= (b* - ¢°)

To find the v-curvature tensor of Fn, first we find (h) hv-
torsion tensor

C_ijk: .Q'_ir C_jrk
Ao AL i i R
(32) Cjk = = Cjk+ il (hjmk-i- hkmj-i- hjkm) - L(iiq)
E 2 2 i r
{mjmk+ (b= q)hy ) — s1t Q) aCib
where LCJk— Lerka_.lr: 3_{a'jk— (8ljak+ 8|kaj+ a'ajk) + 2a'ajak}

(3 3) hI Jra_ = 3(_8'1'— a'a_lj) )

m'= ma"= b'- ga' and = "y

From (3. l) and (3.3) we have the following identities
Cijh',=C' IJhpr— SC,Jp, Ciym'= C,J,b m:h;= 3m;,

m;m'= (b q ) hi:h';= 3hi;, hiym'= 3m;.

From (2.9) and (3. 2) we get after applying the identities
(3.4)

(3.5) Cijrc_rhk =

T r 1
3 CiirCluct E(CijhmkJr Cijump+ Crmi+

C]jj.ikmj) +
2
0 (Cijthpet Chehij)b” — q)hjjhp+ I (2himym,+
Zhhkmimj
+ hjnmimy + hyemimy + hijymmyt+ hym;my)
Now we shall find the v—curvature tensor Fy=

Cijr €'~ C'hj. The tensor is obtained from (3.5) and given
by
— T
(3.6) Swip= ¢ }-kg{ ECijrCrth" hyMpt hyemy; 3
T g
=3 Shijict .:_,-k:.{ hijMuct hdmi}
where

1
(3.7) m= - {Cijrerr—I h; +— L'mm; } and the

symbol (jk%{'“'} denotes the exchange of j,k and

subtraction.
Preposition 1: The v—curvature tensor Sy of F" with
respect to Carton’s connection CT is of the form (3.6).
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Thus (3.6) may be written as
= T
(3.8) Shijk =3 Shijit ¢ }-;gﬁhijmhk"" hymi}
It is well known [6] that the v—curvature tensor of any three

dimensional Finsler space is of the form
(3.9) Lzshijk: S(hhjhik_ hhkhij)

Owing to this fact M. Matsumoto [6] defined the Ss-like
Finsler space F'(n > 3) as such a Finsler space in which
v—curvature tensor is of the form (3.9). The scalar S in (3.9)
is a function of x alone. The v—curvature tensor of any four
dimensional Finsler space may be written as [6]

(3.10) L’Syj= ( _;,';Lg{hthki"' hichn}
where Kj is a (0, 2) type symmetric Finsler tensor field
which is such that Kjy'= 0. A Finsler space F'(n > 4) is

called Sy-like Finsler space [6] if its v—curvature tensor is of
the form (3.10).

From (3.8), (3.9), (3.10) and (2.5), we have the following
theorems.

Theorem 3.1 : The Quartic Rander’s change of Ss-like or
Ss-like Finsler space is S4-like Finsler space.

Theorem 3.2 : If v—curvature tensor of Quartic Rander’s

changed Finsler space F" vanishes identically, then the

Quartic Finsler space F"is S,-like. If v—curvature tensor of
Quartic Finsler space F" vanishes then equation (3.8)
reduces to

(3.11) Sijp= hijMict hyMi— hydMip— hiymye

By virtue of (3.11) and (2.11) and the Ricci tensor §; =
"8, is of the form

Si=(— %) [mhyct 3(n — 3)my]

where m = mijaij, which in view of (3.7) may be written as
(3.12) 8y + Hihy+ H,Ci b= Hsmim,

m (n-— E}I'bn—qﬂ}
where Hj= —+ = -
175 24L2
_(m—3)
S
(n—3]
H=—"m

From (3.12), we have the following:

Theorem 3.3 : If the v—curvature tensor of Quartic Finsler
space vanishes then there exist scalar H; and H, in Quartic
Rander’s changed Finsler space F'(n > 4) such that matrix
ISict Hihy+ HoCiiob'|| is of rank two.
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