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Abstract: Let V be a finite set containing k points. f (V') is divided difference of f at v. The m-th order Peano derivative of

f({XFUV) is defined and is denoted by f_(X;V). It is same as generalised divided diference which is defined in [1].

We have proved a decomposition theorem and a mean value theorem for this generalised divided diference. Also many of the
properties are studied.

1. Introduction

Suppose V be a finite set, XV and f(V U{X}) is divided difference of f . Let f_(X,V) is m-th order Peano

derivative of f(V \{X}) regarded as a function of X.In [1] Fejzic, Svetic and Weil have termed the iterated limit of
divided difference by generalized divided difference and use it to study the properties of n-convex functions. In this article
we have studied the properties of that generalized divided difference, which is equivalent to fm (X,V) . It is shown that

f.,(X;V) can be written as a sum of an n-th order Peano derivative of a function and n-th order divided difference of

another function. For an n-convex function the properties of repeated limits of fm (X;V) are studied.

In [2] Mukhopadhayay and Ray, a mean value theorem for divided difference is proved. Here we have presented a mean
value theorem for this generalized divided difference.

2. Definition and Notation

tet T:E>NR, V={X,....X,}<E ,thenthedivided differenceof f at V isdefined by

fV)= f(xO,...,xn):Zn: f(x)

i @'(%)
where
009 =T Jx-x)
We write T (X;V) insteadof f(V U{X}).

let T:E—NR, and let NeN. Then f is n-convex in E if for each subset V of E containing n+1 points ,

f(V)>0.

Let X E—V beright hand limit point of E, then right Peano derivative of divided differences with respect to the set E
is defined inductively as

N . f(y;V)-f(xVvV
f OGV) =" lim (V)= T0aV)
y—oxt (y—X)
yeE
andif . (X;V) existfor 1< r <m then m-th order derivative

fa (V)= lim 7,(f,xy,V)
y—oxt

yeE
where
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v, xyV)-(y = {f(yV) Z(y _) A (xv)}

Here we assume f,"(X;V) = f(x;V).

If V =¢,then wewrite 7, (f,X,y) instead of y,(f,X,Y,#).Inthiscase f (X;V) isthe usual right hand Peano

derivative of f at X of order m and is denoted by f_(X).If X€ E—V be a left hand limit point. We define left
hand Peano derivative of divided difference f_(X;V') in similar way. If X is both sided limit pointand f_ (X;V) and
f(X;V)both exist and f " (X;V)=f. (X;V) for i=1, 2 ,.., m, then f is said to have the m-th order Peano
derivative of divided difference fm (X;V) . Clearly for a fixed VCE, fm (X;V') is the m-th order Peano derivative of the

function f(X;V), regarded as a function of X.Hencefor X gV, f (X;V) existsifandonlyif f_(X) exists.

tet f:E—>NR and VCE be finite and X€ E—V be a limit point of E. Let {X;,..., X, } be k distinct points in
E —V . Then we define

P . )
[f,x,V] =limy ox e limy f (X Xy X3 V).
XkeE XleE
In[], [f, X,V]k is termed as generalized divided difference of order k. Clearly it is same as  f, (X;V). In what follows

from now we shall drop Y € E under the limit notation.

3. Properties of f,(xV)

Theorem3.1let f:E >R and V ={X,,X,..., X,} E.Let f_ existsonEand UeE—-V be both sided limit
point of E, then

L (UV) = g, (U) + mip (V)

where ¢(t) E ; ( ) - %

Proof. We prove the theorem by induction on 7, (f,u,y,V). We prove

f(x)
O 7Ly V)= @) emy & ()% ~U)" (% — )
Clearly

71(1: u, y,V) — f (y,V)_ f (U,V)
y—u

= f(u,y:V)
__ fw Ty +Z”: f(x)

U=Y)o(u) (y-wa(y) =o' (%)X -u)(X-Y)
_ #(y)—¢(u) Z f(x)

y-u T (6) (% —u)(% —Y)

_ f(x)

R o/ ()% ~W)(% — )
So (1) is true for m=1. Let it is true for M =1 >1. So putting m=r in (1) and letting Y —>U, Y € E, since fr exists we
get
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f(x)
@' (%)(x% —u)"™

Now, 7,.,(f,U, yV)_(f/”l))m{ (y:V) - Z|0(y __“) f.(u; V)}

J”D{ r {f(y, z(y u)' f(uV)} fr(u;V)}

f(uV)=¢ (u)+rlz

(y—u)| (y—u)'

D) 1 fouyV) = v
=y e (V)= V)]

1 f g
— (r+1) {{7 (f,u,y)+r |Z (%) }—{¢r(u)+r!;w,(xi)(i)i(l_)u)rﬂ}}

(y-u) 000 ) (% )
_(r+1) f(x) 1 1
- ){{7 D DV e xi—u}}

f(x)
@' (%) (% —u)"H (% = y)

= VealgU,y) +(r +1)'Z
Hence (1) is true for m=r+1. So by induction (1) is true, now letting Y —>U we get

f(x)

@' (%) (% —u)™"

f(uV)=¢ (u)+mlz
=g, (U)+mly (V)

Theorem 3.2 Suppose T E —>NR and V C E be finite set and x € E—V, Then f,(X;V) is divided difference of
f (X {t}) as afunction of t.

Proof. Let V ={Xy, X,,..., X,} , from Theorem 3.1 we get

GV —{x}) = {M} PRIV — )

w(x)
and
f(6V —{x}) = {%} PRIy (V —{x3)

The suffix k denotes the k-th order Peano derivative of the expression in bracket. Hence

f GV {6 — f 6V —{x}) _

X —Xo
1| T =%)  FO)x=x) |, WV X} -y (V —{x})
X =% W(X) W(X) K - X =Xy
_| f(x)
| e
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= f,(x;V)

Theorem 3.3 Suppose T :E — N be continuous and VV < E be a finite set and X € E—V  be right hand limit point
of E. Nowif T (X;V) exists then

(r+D) limuse £O6V O{u}) = £1,(xV)

Proof. As in Newton divided difference interpolation formula we can write
fUV)= (X V)+U—X) F (X, X5 V) +oc + (U—=Xg)-. (U—=X, ) T (Xgsees X3 V) +
(U—=Xg)-.. U=%.) T (U, Xg5e.es X5V

Now performing the limit |imxrﬁx+ Iimxo%x+ on both sides we get

f(u,V)=1T(xV)+(Uu—-x) ff(x;V)+...+@ fr*(x;V)+% f, GV u{u})
. ! !
fuv) - Foav) -2 U (v
(r+1) £ (6V Ufu}) = o
(u_x)r+
(r+1)!

Now U —> X", we get the following result.
Remark 3.4 Theorem 3.4 holds for left derivative also.

Theorem 3.5 et I,M,N,S€N and f isn-convexonE, r+m+sS<n then
I|m Ilm Ilm I|m m'(S—l)' fr (Xl’XZ""’ Xs;{y11 y21"'1 ym}) = fr+(s—1)+m(x)
Ym™X Y OX XX XX
If r+M+S=n,then atthe points X< E where fn_l exists ( by Corollary 6.7 in [1] it is except a countable set)
lim - lim lim e lim s =)0 (% X5y X5 Yas Yoo Yo ) = 0 (X)
Ym™X Y OXXgOX XX
Proof. Suppose V ={VY,,¥,,..., Y.} Since f is n-convex, the divided difference T (X;,X,,.; X\ s Yis Yoreees Yin)
is nondecreasing function of each X..so f(X;V) is (n-m) convex. Suppose @(X) = f(X;V).So ¢ is (n-m) convex.
By Corollary 6.7 in [1], [@, (X)]4 =&, 1(X) for r+s<n—m.so [f (X;V)],, = f,. . (XV).

r+s
”mxs—)x--- Iimx1—>x (S_l)l fr(X11 Xpyeeny Xs;V) = [fr (X;V)]s_l
Also from Theorem and Remark, [imy__x..- limy, »x mf. . (xV)=f . ..1(X

This completes the proof for first part

If r+S+mMm=n, then also except some countable points X, [¢, (X)]s ; = &

part we get the result replacing r by n-(m+s).

_1(X) for r+S=N—M. So as in first

+r

Theorem 3.6 Suppose V' and W are finite subsets of [a,b] with PVP =PWP =n and f, existson [a,b]. Let
f, (V)0 f (W) forsome Xe[a,b]. Then thereis Ac[a,b]—{x},PAP =n, such that
inf[V OW]<y<suplV UW],Vye A, and f (X;A)=0.
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f (Xt)]k + k! ) 5. Soif g(t) = f, (Xx;{t}), then g has Darboux

Proof. From Theorem 3.1 we have f, (X;{t}) =[ !

X (x—t)
property in [a,b] —{X}. Now by Theorem 3.3, f,(X;V) is divided difference of § at the points of V . Hence by
Theorem 3.1 of [2] the result follows.
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