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1. Introduction

The notions of & -open sets, & -closed set where introduced by
Velicko [11] for the purpose of studying the important class of
H-closed spaces. 1996, Andrijevic™ [3] introduced a new class
of generalized open sets called b-open sets in a topological
space. This class is a subset of the class of p-open sets [1].
Also the class of b-open sets is a superset of the class of semi-
open sets [5] and the class of preopen sets [6]. The purpose of
this paper is to introduce and investigate the notions of weakly
b-3-open functions and weakly b-3-closed functions. We
investigate some of the fundamental properties of this class of
functions. we recall some basic Definitions and known results.

2.Preliminary

Throughout this paper, spaces (X, 1) and (Y, o) (or simply X
and Y) always mean topological spaces on which no
separation axioms are assumed unless explicitly stated. Let A
be a subset of a space (X, t). We denote closure and interior of
A by cl(A) and int(A), respectively.

Definition 1.1. A subset A of a space X is said to be b-open
[3] if A < cl(int(A)) Y int(cl(A)).The complement of a b-
open set is said to be b-closed. The intersection of all b-closed
sets containing A < X is called the b-closure of A and shall be
denoted by bcl(A). The union of all b-open sets of X
contained in A is called the b-interior of A and is denoted by
bint(A). A subset A is said to be b-regular if it is b-open and
b-closed. The family of all b-open (resp. b-closed, b-regular)
subsets of a space X is denoted by BO(X ) (resp. BC (X ),
BR(X )) and the collection of all b-open subsets of X
containing a fixed point x is denoted by BO(X, X). The sets
BC (X, x) and BR(X, X) are defined analogously.

Definition 1.2. A point x € X is called a & -cluster [11] point

of A if int(c I(U )) N A # ¢ for every open set U of X
containing Xx.

The set of all 5 -cluster points of A is called the & - closure of
A and is denoted by & -cl (A)). A subset A is said to be & -
closed if & -cl(A) = A. The complement of a & -closed set is
said to be 5-open. The & -interior of A is defined by the union
of all & -open sets contained in A and is denoted by 5-int (A)).

Definition 1.3. A point x € X is called a b- 5 -cluster [8 ] point
of A if int(bc I(U )) N A # ¢ for every b-open set U of X

containing x. The set of all b-8 -cluster points of A is called
the b-d - closure of A and is denoted by b-3 -cl (A)). A subset
A is said to be b-6 -closed if b-3-cl(A) = A. The complement
of a b-3 -closed set is said to be b-3-open. The b-6 -interior of
A is defined by the union of all b-3 -open sets contained in A
and is denoted by b-6-int (A)). The family of all b- & -open
(resp. b- & -closed) sets of a space X is denoted by B60O(X, 1)
(resp. B6C(X, 1)).

Definition 1.4. A subset A of a space X is said to be a-open
[7] (resp. semi-open [5], preopen[6], B-open[l] or semi-
preopen [2]) if A < int(cl(int(A))) (resp. A < c I(int(A)), A ©
int(cl(A)), A c cl (int (cl(A))).

Lemma 1.5. [3] For a subset A of a space X, the following
properties hold:

(1) bi nt(A) = sint(A) Y pint(A);

(2) bel(A) = scl(A) M pcl(A);

(3) bel(X — A) = X - bint(A);

(4) x € bel(A) if and only if AN U = ¢ for every U € BO(X,
X);

(5) A e BC (X) if and only if A = bcl(A);

(6) pint(bcl(A)) = bel(pint(A)).

Lemma 1.6. [2] For a subset A of a space X, the following
properties are hold:

(1) aint(A) = A N int(cl(int(A)));
(2) sint(A) = A Ncl(int(A));
(3) pint(A) = A Nint(cl(A)).

Lemma 1.7. [8] Let A and Ao (a € A) be any subsets of a
space X . Then the following properties hold:

1) if Ao € B3O(X ) for each a € A, then UaeA Aa € BSO(X
)i

2) b-5-cl(A) is b-5-closed;

3)A is b- & -open in X if and only if for each x € A there
exists V € BR(X, x) suchthat x e V € A.

Lemma 1.8. [4] f: (X, t) — (Y, o) is said to be strongly
continuous if for every subset A of X, f (cl(A)) < f (A).
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3.Weaklty b-6 Open Functions

Definition 3.1. A function f: (X, t) — (Y, o) is said to be b-§
-open if for each open set U of (X, t), f (U) is b-5 -open.

Definition 3.2. A function f: (X, t) — (Y, o) is said to be
weakly b- & -open if f(U) & b-8-int(f(cl(U))) for each open
set U of (X, ).

Theorem 3.3. Every b- & -open function is also weakly b- & —
open function.

Proof: Follows from Definitions of b- 6 -open function and
weakly b- 3 —open function.

The Converse of the above theorem need not be true as shown
in the following example.

Example 3.4. Let X = {a, b, ¢} and t = {0, {a}, {b}, {a, b},
{a, c}, X}. Let f: (X, 1) — (Y, o) be a function defined by f
(@) =c, f(b) =band f (c) =a. Then BsO(X) = {o, {b}, {a, c},
X}. Then f is a weakly b- & -open function but f is not b- 5 —
open function, since for U ={a} and U = {a, ¢} f (U) is not b-
d-openin (X, 1).

Theorem 3.5. Every b- & —open function is also b-6-open
function.

Proof: Every b- & —open set is b- 6 —open set. Hence the proof
follows from Definitions of b- & —open function and b-6-open
function.

Theorem 3.6. For a function f: (X, ) — (Y, o ), the
following conditions are equivalent:

1) f is weakly b-3-open,
2) f (5-int (A)) Sb-5-int (f (A)) for every subset of A of (X, t

3) &-int ( f B)S t (b-8-int (B)) for every subset B of
(Y,0),

-1 -1
f (b-5-cl(B) S &-cl( f (B)) for every subset of B of

(Y, 0).

4)

Proof. (1)=(2): Let A be any subset of (X, ) and x € é-int
(A). Then, there exists an open set U suchthatx e U € c I(U)
C A Then, f(x)ef(U)cf(clU)) < f(A). Since fis
weakly b-3 -open, f (U ) < b-6-int (f (¢ I(U ))) € b-&-int(f
(A)).This implies that f (X) € b-6-int (f (A)). This shows that x
-1

€ f ( b-6-int (f (A))).Thus, &-int (A) < f
and so, f (3-int (A)) S b-s-int(f (A)).

~ (bsiint(f (A)).

(2)=(3): Let B be any subset of (Y, ¢ ).Then by (2), f (3-

it T @) Sbs-intcf( T (B)) Sb-s-int(B). Therefore 5-
e f @) S T peseintm)).

(3)=(4): Let B be any subset of (Y, ¢ ).

Using (3), we have X-o-cl( | (B)= -int (x- | (B)) = &-
it f ov=B)S T psint v=By= T (Y=besecl (B)
-x- 7 sci(e)).

Therefore, we obtain | (b-3-cl(B) Sa-cl( | (B))

(4)=(1): Let V be any open set of (X, t) and B=Y- f (c

V). By @), | (b-dcl (Y= (c IV )<scl T (v—e

f

I(V)))).Therefore, we obtain B (Y—=h-8-int (f (cl(V ))))<s-cl

f

(X- B (f (c I(V ))))Ss-cl(X—cl(V)).Hence VS s-int(cl(V))

-1
cf (b-5-int (f (c I(V)))) and f (V ) S b-8-int(f (c I(V ))).
This shows that f is weakly b-3 -open.

Theorem 3.7. For a function f: (X, 1) — (Y, o), the following
conditions are equivalent:

1) f is weakly b-6 -open;

2) For each x € X and each open subset U of (X, T ) containing
X, there exists a b- 5-open set V containing f (x) such that
V cf(cl(U)).

Proof. (1)=(2): Let x € X and U be an open set in (X, t) with
X € U . Since f is weakly b-6-open, f (x) € f (U) S b-5-
int(f(cl(U))). Let V = b-&-int (f (cl(U ))). Then V is b-6-open
andf(x) evVcf(cl(U)).

(2)=(1): Let U be anopen setiin (X, t) and lety € f (U). It
follows from (2) that V < f (cl (U )) for some b-6-open set V

in (Y, o ) containing y. Hence, we have y € V& b-s-
int(f(cl(U))). This shows that f(U) < b-8-int(f(cl(U))). Thus f is
weakly b-3-open.

Theorem 3.8. For a bijective function f: (X, ) = (Y, o), the
following conditions are equivalent:

1) f is weakly b-3-open,
2) b-3-cl(f(int(F))) < f(F) for each closed set F in (X, ),
3) b-5-cl(f(U))) S f(cl(U)) for each open set U in (X, 7).

Proof. (1)=(2): Let F be a closed set in (X, T ).Then since f is
weakly b-8-open, f (X-F)=Sb-s-int(f (cl(X— F )))= b-5-
int(f(cl(X— F))) and so Y- f (F )SY —b-3-cI(f (int(F ))).
Hence b-3-cl (f (int(F ))) & f (F) .

(2)=(3): Let U be an open set in (X, T ). Since ¢ I(U ) is a
closed set and UC int(cl(U)), by (2) we have b-3-cl(f(U)) &
b-5-cl(f(int(cl(V)))) < f(cl(V)).

(3)=(1): Let V be an open set of(X, T ). Then we have Y - b-
S-int(f(cl(V)))=b-5-cl(Y—F(cl(V)))=b-8-cI(f(X—cI(V)))
S f(cl(X—cl(V)))=f(X=int(cl(V))) S f{(X-V)=Y-f(V).

Therefore, we have f(V)<b-s-int(f(cl(V))) and hence f is
weakly b-5-open
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Theorem 3.9. For a function f : (X, 1) — (Y, o), the following
conditions are equivalent:

1) f is weakly b-3 open;

2) f(U) & b-5-int(f(cl(U))) for each preopen set U of (X, 1),

3) f(U) & b-5-int(f(cl(U))) for each & -open set U of (X, 1),

4) f(int(cl(U))) & b-5-int(f(cl(U))) for each open set U of (X, t
)

5) f(ir;t(F)) < b-8-int(f(F)) for each closed set F of (X, 7).

Proof: Follows from Definitions open, pre-open and & -open
sets.

Theorem 3.10. Let X be a regular space. A function f: (X, 1)
— (Y, o) is weakly b-6 -open if and only if f is b-3 -open.

Proof. The sufficiency is clear.

For the necessity, let W be a nonempty open subset of X . For
each x in W, let Ux be an open set such that x € Ux < cl(Ux)
C W . Hence we obtain that W =Y{Ux : x € W }
=ULcl(Ux) : xeW }and f (W)= V{f(Ux):xe W}
c Y {b-5-int (f (cl(Ux))) : x € W } cb--int (f (Y {c I(Ux) : x
€ W })) = b-é-int (f (W )). Thus f is b-6 -open.

Theorem 3.11. If f: (X, 1) — (Y, o) is weakly b-5 -open and
strongly continuous, then f is b-6 -open.

Proof. Let U be an open subset of (X, t). Since f is weakly b-6
-open, f (U ) < b-3-int (f (cl(VU ))). However, because f is
strongly continuous, f (U ) € b-8-int (f (U )). Therefore f (U)
is b-5 -open.

Definition 3.12. A function f: (X, 1) — (Y, o) is said to be
contra b-é-closed if f(U) is a b-3-open set of Y, for each
closed set U in (X, 1).

Theorem 3.13. If f: (X, 1) — (Y, o) is a contra b-8 -closed
function, then f is weakly b-5 -open.

Proof. Let U be an open subset of (X, 7). Then, we have f (U )
c f(cI(U)) = b-s-int(f(cl(U ))).

The converse of the above theorem need not be true as shown
in the following example.

Example 3.14 Let X = {a, b, c} and t = {o, {a}, {b}, {a, b},
{a, c}, X}. Letf: (X, 1) — (Y, o) be a function defined by f
(@ =c, f(b) =bandf(c) =a. Then f is a weakly b- & -open
function but f is not b- 5 —open function, since for U = {b, c}
and U ={a, b, }f(U)isnoth-5-openin (X, ).

Definition 3.15.[10] A space X is said to be hyperconnected if
every non-empty open subset of X is dense in X .

Theorem 3.16. If X is a hyperconnected space, then a function
f: (X, t) — (Y, o) is weakly b-6 -open if and only if f (X ) is
b-5 -openin (Y, o).

Proof. Let U be an open subset of (X, t).Then since f(x) is b-6
—open, f(x)=b-4 -int(f(x)). Now f(U) < f(X) = b-6 —int(f(X))=
b-6 —(f(cl(V)). Hence f is weakly b-5 —open.

Conversely, let f is weakly b-3—open.Then f(x)Sb-6—
int(f(cl(x))= b-d—-int(f(x)). Thus f(x) S b-6-int(f(x)). But b-6—
int(f(x)) < f(x).Hence f(x)= b-6-int(f(x) which implies f(x) is
b-6—openin (Y, o).

Definition 3..17.. A function f: (X, t ) — (Y, o) is called
complementary weakly b-8 -open if for each open set U of X, f
(Fr(U )) is b-8 -closed in (Y, o), where Fr(U ) denotes the
frontier of U .

Theorem 3.18. Let B & O(X, © ) be closed under finite
intersection. If f: (X, ©) — (Y, o) is bijective weakly b-5-
open and complementary weakly b-6 -open, then f is b-3-open.
Proof. Let U be an open subset in (X, t)andy € f (U ). Since
f is weakly b-8 -open, by Theorem 2.5, for some x € U there
exists a b-d -open set V containing f (x) = y such that V c f
(cl(U)). Now Fr(U )=c I(U )— U and thus x €/ Fr(U ). Hence y
€/ f (Fr(U)) and therefore y € V \ f (Fr(U )). Put Vy =V—f
(Fr(U )). Then Vy is a b-3-open set since f is complementary
weakly b-3-open. Furthermore, y € Vy and Vy =V —f (Fr(U
Ne f (cl(U ))—f (Fr(U ))=f (cl(U )-Fr(U ))=f(U).Therefore f
(U)={Vy :Vy € B3O(Y, o), y € f (U)}.Hence by Lemma
1.7, fis b-6-open.

Theorem 3. 19. If a function f: (X, ) — (Y, o) is weakly b-5
-open and precontinuous, then f is B-open.

Proof. Let U be an open subset of X . Then by weak b-5 -
openness of f, f(U)g b-3-int(f(cl(U))). Since f is
precontinuous, f(cl(U)) < cl(f(U)). Hence we obtain that

f(U)E b-5-int(f (cI(U ))) & b-5-int (c I(f (U)))

= bint(cl(f (U )))

= sint(cl(f (U ))) Y pint(cl(f (U))), by lemma 1.5

S ¢ I(int(cI(f (U )))) VY int(cl(f (U))S c I(int(cl(f (U ))))

which shows that f (U ) is a B-open set in Y . Thus f is a p-
open function.

Definition 3.20. A topological space X is said to be b-6 -
connected if it cannot be written as the union of two nonempty
disjoint b-6 -open sets.

Theorem 3.21. If f: (X, 1) — (Y, o) is a weakly b-6 -open
bijective function of a space X onto a b-6 -connected space Y,
then X is connected.

Proof. Suppose that X is not connected. Then there exist non-
empty open sets U and V suchthatU NV =g and UV V =X,
Hence we have f (U)N f (V) =p and f (U )Y (V)=Y . Since
f is weakly b-3-open, we have f (U)< b-8-int(f(cl(U))) and
f(V) S b-8-int(f(cl(V))). Moreover U, V are open and also
closed. we have f (U)=b-é-int (f (U )) and f (V )= b-&-int (f (V
)). Hence, f (U ) and f (V) are b-6 -open in Y . Thus, Y has
been decomposed into two non-empty disjoint b-d -open sets.
This is contrary to the hypothesis that Y is a b-6 -connected
space. Thus, X is connected.
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Theorem 3.22. Let X be a regular space. Then for a function f
1 (X, 1) — (Y, o), the following conditions are equivalent:

(1) f is weakly b-6-open;

(2) For each 6 -open set Ain X, f (A) is b- 6 -openinY;

(3) For any set B of Y and any 6 -closed set A in X containing
f -1

(B), there exists a b-6 -closed set F in Y containing B

f

-1
such that (F)c A

Proof. (1)=(2): Let A be a 5-open set in X . Since X is
regular, by Theorem 3.10, f is b-3 -open and A is open.
Therefore f (A) is b-3-openin Y.

(2)=(3): Let B be any set in Y and A a & -closed set in X such

-1
that f (B) <€ A. Since X—A is & -open in X, by (2), f (X-A)
isb-6 -openinY . Let F=Y — f (X — A). Then F is b-3 -closed
and BcF.

-1 .I: -1

f (Y—f (X-A))=X—

Now T (=T (f (X-A)) C A.

-1
(3)=(1): Let Bbeany setinY . Let A=d-cl( f

-1
X is regular, Ais a & -closed set in X and f (B)< A. Then
there exists a b-6 - closed set F in Y containing B such that

f f

(B)).Since

(F )SA. Since F is b-3

f

closed, (b-8-

-1 -1
cl(B)c f (F)SA=dcl( (B)). Therefore by Theorem 3.5,

f is weakly b-3-open.
4.Weakly b-6 Closed Functions

Definition 4.1. A functions f: (X, t) — (Y, o) is said to be b-
o -closed if for each closed set F of (X, t), f (F) is b-0 -
closed.

Definition 4.2. A functions f : (X, 1) — (Y, o) is said to be
weakly b-6 -closed if b-5-cl (f (int(F ))) < f (F ) for each
closed set F of (X, 1) .

Theorem 4.3: Every b-6 —closed function is also weakly b-6 —
closed function.

Proof: Follows from Definitions.

The converse of above theorem need not be true as shown in
the following example.

Example 4.4. Let X ={a, b, ¢} and t = {o, {a}, {b}, {a, b}, {a,
c}, X}. Then B3C(X) = {o, {b}, {a, ¢}, X}. Letf: (X, 1) —
(Y, o) be a function defined by f (a) = a, f (b) =b and f (¢c) = c.
Then f is a weakly b- & -closed function which is not b- 6 -
closed, since for U = {b, c} and U = {c}, f(U) isnot f (U ) is
not b- & -closed in (X, ).

Theorem 4.5. Every b-3 —closed function is also b- 8 -closed
function.

Proof. Every b-8 —closed is also b- 6 -closed set. Hence the
Proof follows from the Definitions of b-6 —closed and b- 0 —
closed sets.

Theorem 4.6. For a function f: (X, t) — (Y, o), the following
conditions are equivalent:

(1) fis weakly b-5 -closed;
(2) b-3-cl(f (U ))<f(c I(U)) for each open set U in (X, ).

Proof. (1)=(2): Let U be an open set in X . Since ¢ (U ) is a
closed set and U < int(c I(U )), we have b-3-cl (f (U)) € b-6-
cl (fF@int(CI(U)))) cf(clU)).

(2)=(1): Let F be a closed set of X . Then, we have b-3-cl(f(i
nt(F)))<f (cl(i nt(F )))<f (c I(F))=f (F) and hence f is weakly
b-6 -closed.

Corollary 4.7. A bijective function f : (X, t) — (Y, o), is
weakly b-5-open if and only if f is weakly b-3-closed.

Proof. This is an immediate consequence of Theorems 3.6 and
4.6.

Theorem 4.8. For a function f: (X, 1) — (Y, o), the following
conditions are equivalent:

(1) fis weakly b-5 —closed,

(2) b-6-cl(f (int(F )))< f (F) for each preclosed set F in

(3) b-8-cl(f (int(F )))<f (F) for each a-closed set F in (X, 1),
(4) b-8-cl(f (int(cl(U )))) < f (c I(U)) for each subset U in (X,
T),

(5) b-8-cl (f (U ))<f (c I(U)) for each preopen set U in (X, t).
Proof: Follows from Definitions

Theorem 4.9. For a function f : (X, 1) — (Y, o), the following
conditions are equivalent:

1) fis weakly b-8 —closed,
2) b-6-cl (f (U )< f (cl(U)) for each regular open set U in (X,

1),
3) For each subset F in Y and each open set U in X with
-1
f (F)€U, there exists a b-5 -open set A in Y with F €
-1
A and f (A)ccl(U),
f -1

4) For each point y in Y and each open set U in X with
(y) € U, there exists a b-3 -open set A in Y containing y

ffl
(A) S cl(U).

and
Proof. (1)=(2): Let U be a regular open subset of (X, 1 ).
Then U is open and so U = int(U). Since cl(U) is closed and f
is weakly b-6 —closed, b-8 —cl(f(U))= b-8 —cl(f(int(U))) < b-5
—cl(f(int(cl(V)))) <f(cl(V)). Hence b-6 —cl(f(U))=f(cl(U))

(2)=(3): Let F be a subset of Y and U an open set in X with

-1 -1
f (F)S U . Then f (F)N ¢ 1(X——c I(U))= ¢ and
consequently, FNf (c I(X—c 1(U)))=¢. Since X— cl(U) is
regular open, FNb-5-cl(f (X— ¢ I1(U))) = ¢. Let A=Y—b-é-cl (f
(X=C I(U))). Then A is a b-6 -open set with FS A and we
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f -1 f -1 f -1
have ' (A)SX— ' (b-5-cI(f (Y- ¢ I(U)))SX~

I(U)) SclU).

(Y-c

(3)=(4): This is obvious.
(4)=(1): Let F be closed in X and lety € Y —f (F ). Since

-1
f (Y)S X-F, by (4) there exists a b-8-open set A in Y with

-1
y € A and f (A) € ¢ I(X=F) =X-int(F ). Therefore A Nf
(int(F )) = o, so that y €/ b-5-cl (f (int(F ))).Thus b-3-cl (f
(int(F))) < f (F). Hence f is weakly b-3-closed.

Theorem 4.10. If f: (X, ) — (Y, o) is a bijective weakly b-3
-closed function, then for every subset F in Y and every open
f -1

set U in X with (F) € U, there exists a b-6 -closed set B

f

-1
in Y such that F < B and (B) ccl(U).

Proof. Let F be a subset of Y and U be an open subset of X
-1

with f (F)cU . Put B=b-3-cl(f (i nt(c I(U )))). Then B is a

b-6 -closed set in (Y, o) such that F € B, since F <f (U )< f (i

nt(c I(U ))) < b-é-cl (f (int(c I(U ))))=B. Since f is weakly b-5

f -1
(B) & cl(u).

—closed, by Theorem 4.6, we have
Theorem 4.11. If f: (X, 1) — (Y, o) is a weakly b-6 —closed
surjection and all pairs of disjoint fibers are strongly separated
then (Y, o) isb-T2.

Proof. Let y and z be two points in Y.Let U and V be open set
in (X, t) such that f-1(y) € U and f-1(z) € V with cl(U) N
cl(V)= ¢ Since f is weakly b-5 —closed, by Theorem 4.9, there
are b-6 —open sets F and B in (Y, o)such thaty € Fand z € B,

f-1(F) & cl(U) and f-1(B) & cl(V).

Therefore FN B= ¢, because cl(U) Ncl(V) = ¢ and f is
surjective. Since every b-6 —open is b-open. Then Y, o) is b-
T2.
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