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1. Introduction 
 

Levine [8] introduced semi open sets in 1963 and also 

Levine [7] defined generalized closed sets in 1970. AblEl-

Monsef et al.[2] introduced 𝛽-open sets. Veerakumar [11] 

introduced 
#
g-closed sets in topological spaces. O.Ravi 

[10] and S.Ganesan [10] declared𝑔 -closed sets in 

topological spaces. Kelley [6] initiated the study of 

bitopological spaces in 1963. A nonempty set X equipped 

with two topologies𝜏1 and 𝜏2 is called a bitopological 

space and is denoted by  𝑋, 𝜏1 , 𝜏2 . Since then several 

topologists generalized many of the results in topological 

spaces to bitopological spaces. Fukutake [3] introduced 

generalized closed sets in bitopological spaces. Fukutake 

[4] defined semi open sets in bitopological spaces. 

 

2. Preliminaries 
 

Definition 2.1: A subset A of a bitopological space 

 𝑋, 𝜏1 , 𝜏2  is called a  

1. 𝜏1𝜏2-semi open [2] if 𝐴 ⊂ 𝜏2𝑐𝑙 𝜏1𝑖𝑛𝑡 𝐴   and it 

is called 𝜏1𝜏2-semi closed [2] if 

𝜏2𝑖𝑛𝑡 𝜏1𝑐𝑙 𝐴  ⊂ 𝐴 

2. 𝜏1𝜏2-pre open[5] if 𝐴 ⊂ 𝜏2𝑖𝑛𝑡 𝜏1𝑐𝑙 𝐴   and 

𝜏1𝜏2-preclosed [5] if 𝜏2𝑐𝑙 𝜏1𝑖𝑛𝑡 𝐴  ⊂ 𝐴 

3. 𝜏1𝜏2-𝛼-open [9] if 𝐴 ⊂ 𝜏1𝑖𝑛𝑡  𝜏2𝑐𝑙 𝜏1𝑖𝑛𝑡 𝐴   . 

 

Definition 2.2: A subset A of a bitopological space 

 𝑋, 𝜏1 , 𝜏2  is called a  

1. 𝜏1𝜏2-g-closed [3](𝜏1𝜏2-generalized closed ) if 𝜏2-

𝑐𝑙(𝐴) ⊂ 𝑈, whenever 𝐴 ⊂ 𝑈, 𝑈 is 𝜏1-open. 

2. 𝜏1𝜏2-sg-closed [4](𝜏1𝜏2-semi generalized closed) 

if 𝜏2-𝑠𝑐𝑙(𝐴) ⊂ 𝑈, whenever 𝐴 ⊂ 𝑈, 𝑈 is 𝜏1-semi 

open. 

3. 𝜏1𝜏2-gs-closed [5] (𝜏1𝜏2-generalized semi closed 

) if 𝜏2-𝑠𝑐𝑙(𝐴) ⊂ 𝑈, whenever 𝐴 ⊂ 𝑈, 𝑈 is 𝜏1-

open. 

4. 𝜏1𝜏2-𝛼g-closed [9] (𝜏1𝜏2-𝛼-generalized closed) if 

𝜏2-𝛼𝑐𝑙(𝐴) ⊂ 𝑈, whenever 𝐴 ⊂ 𝑈, 𝑈 is 𝜏1-open. 

5. 𝜏1𝜏2-g𝛼-closed [9] (𝜏1𝜏2-generalized 𝛼-closed) if 

𝜏2-𝛼𝑐𝑙(𝐴) ⊂ 𝑈, whenever 𝐴 ⊂ 𝑈, 𝑈 is 𝜏1-𝛼-

open. 

6. 𝜏1𝜏2-𝑔 -closed[5] if 𝜏2-𝑐𝑙(𝐴) ⊂ 𝑈, whenever 

𝐴 ⊂ 𝑈, 𝑈 is 𝜏1- semi open. 

 

 

3. 𝛕𝟏𝛕𝟐-𝐠 -Closed sets 
 

Definition 3.1 

A subset A of  𝑋, 𝜏1, 𝜏2  is called a 𝜏1𝜏2-𝑔 -closed if 𝜏2-

𝑐𝑙(𝐴) ⊂ 𝑈, whenever 𝐴 ⊂ 𝑈 and𝑈 is 𝜏1-sg-open in 
 𝑋, 𝜏1 . 
 

Example 3.2 

Let 

𝑋 =  𝑎, 𝑏, 𝑐 ;  𝜏1 =  𝑋, 𝜙,  𝑎  ;  𝜏2 =  𝑋, 𝜙,  𝑎 ,  𝑎, 𝑏  . 

Then 𝑋, 𝜙,  𝑐 , {𝑏, 𝑐} are 𝜏1𝜏2-𝑔 -Closed sets. 

 

Theorem 3.3 

Every 𝜏2-closed set is 𝜏1𝜏2-𝑔 -closed sets. 

 

Proof: 

Let A be 𝜏2-closed. Then 𝜏2 − 𝑐𝑙 𝐴 = 𝐴.⇒ 𝜏2 − 𝑐𝑙 𝐴 ⊆
𝑈  whenever 𝐴 ⊆ 𝑈 and U is 𝜏1-sg-open.⇒A is 𝜏1𝜏2-𝑔 -
closed sets. 

 

The converse of the above theorem need not be true as 

seen from the following example. 

 

Example 3.4 

Let 𝑋 =  𝑎, 𝑏, 𝑐, 𝑑 ;  𝜏1 =  𝑋, 𝜙,  𝑎, 𝑏  ;  𝜏2 =

 𝑋, 𝜙,  𝑏 ,  𝑐 ,  𝑏, 𝑐  . 

𝜏1𝜏2-𝑔 -closed sets are 

𝑋, 𝜙,  𝑑 ,  𝑎, 𝑑 ,  𝑏, 𝑑 ,  𝑎, 𝑏, 𝑑 , {𝑎, 𝑐, 𝑑}. 

Therefore  𝑑 , {𝑏, 𝑑} are 𝜏1𝜏2-𝑔 -closed set but they are 

not𝜏2-closed. 

 

Theorem 3.5 

Every 𝜏1𝜏2-𝑔 -closed set is 𝜏1𝜏2-g-closed. 

 

Proof: 

Let 𝐴 ⊆ 𝑈, 𝑈 is 𝜏1-open. Then U is 𝜏1-sg-open.⇒ 𝜏2 −
𝑐𝑙 𝐴 ⊆ 𝑈 .[∵ A is 𝜏1𝜏2-𝑔 -closed ]⇒ 𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈  

whenever 𝐴 ⊆ 𝑈 and U is 𝜏1-open.⇒A is 𝜏1𝜏2-g-closed 

sets. 

 

The converse of the above theorem need not be true as 

seen from the following example. 

 

Example 3.6 

Let 𝑋 =  𝑎, 𝑏, 𝑐, 𝑑 ;  𝜏1 =  𝑋, 𝜙,  𝑎, 𝑏  ;  𝜏2 =

 𝑋, 𝜙,  𝑏 ,  𝑐 ,  𝑏, 𝑐   
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𝜏1𝜏2-𝑔 -closed sets are 

𝑋, 𝜙,  𝑑 ,  𝑎, 𝑑 ,  𝑏, 𝑑 ,  𝑎, 𝑏, 𝑑 , {𝑎, 𝑐, 𝑑} 

𝜏1𝜏2-g-closed sets are 

𝑋, 𝜙,  𝑐 ,  𝑑 ,  𝑎, 𝑐 ,  𝑎, 𝑑 ,  𝑏, 𝑐 ,  𝑏, 𝑑 ,  𝑐, 𝑑 , 
 𝑎, 𝑏, 𝑐 ,  𝑎, 𝑏, 𝑑 ,  𝑎, 𝑐, 𝑑 , {𝑏, 𝑐, 𝑑}. 

Here  𝑐 ,  𝑐, 𝑑 ,  𝑎, 𝑏, 𝑐 , {𝑎, 𝑏, 𝑑}  is 𝜏1𝜏2-g-closed set but 

they are not𝜏1𝜏2-𝑔 -closed set. 

 

Theorem 3.7 

Every 𝜏1𝜏2-𝑔 -closed set  is 𝜏1𝜏2-𝑔 - closed. 

 

Proof: 

Let 𝐴 ⊆ 𝑈, 𝑈 is 𝜏1-semi open. Then U is 𝜏1-sg-open. 

Since A is 𝜏1𝜏2-𝑔 -closed,𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈 whenever 

𝐴 ⊆ 𝑈 and U is 𝜏1-semi open.⇒ 𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈  

whenever 𝐴 ⊆ 𝑈 and U is 𝜏1- semi open.⇒A is 𝜏1𝜏2-𝑔 -
closed sets. 

 

Theorem 3.8 

Every 𝜏1𝜏2-𝑔 -closed set is 𝜏1𝜏2-gs-closed.  

 

Proof:  

Let 𝐴 ⊆ 𝑈, 𝑈 is 𝜏1-open. 𝑈 is 𝜏1-open⇒ 𝑈is 𝜏1-sg-

open.⇒ 𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈 (By assumption)But 𝜏2 −
𝑠𝑐𝑙 𝐴 ⊆ 𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝜏1-

open.⇒ 𝜏2 − 𝑠𝑐𝑙 𝐴 ⊆ 𝑈  whenever 𝐴 ⊆ 𝑈 and U is 𝜏1-  

open.⇒ A is 𝜏1𝜏2-gs-closed. 

 

Theorem 3.9 

Every 𝜏1𝜏2-𝑔 -closed set is 𝜏1𝜏2-𝛼g-closed. 

 

Proof:  

Let 𝐴 ⊆ 𝑈, 𝑈 is 𝜏1-open. 𝑈 is 𝜏1-open⇒ 𝑈 is 𝜏1-sg-

open.⇒ 𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈 (By assumption) But 𝜏2 −
𝛼𝑐𝑙 𝐴 ⊆ 𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝜏1-

open.⇒ 𝜏2 − 𝛼𝑐𝑙 𝐴 ⊆ 𝑈  whenever 𝐴 ⊆ 𝑈 and U is 𝜏1-  

open. 

⇒ A is 𝜏1𝜏2-𝛼g-closed. 

 

Theorem 3.10 

Every 𝜏1𝜏2-𝑔 -closed set is 𝜏1𝜏2-g𝛼-closed. 

 

Proof: 

Let 𝐴 ⊆ 𝑈, 𝑈 is 𝜏1-𝛼-open. 𝑈 is 𝜏1-𝛼-open⇒ 𝑈 is 𝜏1-sg-

open. 

⇒ 𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈 (By assumption)But 𝜏2 − 𝛼𝑐𝑙 𝐴 ⊆
𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝜏1-𝛼-open.⇒
𝜏2 − 𝛼𝑐𝑙 𝐴 ⊆ 𝑈  whenever 𝐴 ⊆ 𝑈 and U is 𝜏1-𝛼-open.⇒ 

A is 𝜏1𝜏2-g𝛼-closed. 

 

Theorem 3.11 

Union of two 𝜏1𝜏2-𝑔 -closed sets is 𝜏1𝜏2-𝑔 -closed. 

 

Proof: 

Assume that A and B are 𝜏1𝜏2-𝑔 -closed sets.Let 𝐴 ∪ 𝐵 ⊆
𝑈 where 𝑈 is 𝜏1-sg-open. Then 𝐴 ⊆ 𝑈 and 𝐵 ⊆ 𝑈.⇒ 𝜏2 −
𝑐𝑙 𝐴 ⊆ 𝑈 and 𝜏2 − 𝑐𝑙 𝐵 ⊆ 𝑈 ⇒ 𝜏2 − 𝑐𝑙 𝐴 ∪ 𝜏2 −
𝑐𝑙 𝐵 ⊆ 𝑈But  𝜏2 − 𝑐𝑙 𝐴 ∪ 𝐵 = 𝜏2 − 𝑐𝑙 𝐴 ∪ 𝜏2 −
𝑐𝑙 𝐵 ⊆ 𝑈. Therefore 𝜏2 − 𝑐𝑙 𝐴 ∪ 𝐵 ⊆ 𝑈  whenever 

𝐴 ∪ 𝐵 ⊆ 𝑈&𝑈 is 𝜏1-sg-open. Therefore 𝐴 ∪ 𝐵 is 𝜏1𝜏2-𝑔 -
closed. 

 

 

Remark 3.12 

The intersection of two 𝜏1𝜏2-𝑔 -closed sets need not be 

𝜏1𝜏2-𝑔 -closed. 

This can be seen from the following example. 

 

Example 3.13 

Let 𝑋 =  𝑎, 𝑏, 𝑐 ;  𝜏1 =  𝑋, 𝜙,  𝑏, 𝑐  ;  𝜏2 =  𝑋, 𝜙,  𝑎   

𝜏1𝜏2-𝑔 -closed sets 𝑋, 𝜙,  𝑎 ,  𝑎, 𝑏 ,  𝑏, 𝑐 , {𝑎, 𝑐}. 

𝐴 =  𝑎, 𝑏  and 𝐵 = {𝑏, 𝑐} 

𝐴 ∩ 𝐵 = {𝑏} is not 𝜏1𝜏2-𝑔 -closed set. 

 

Theorem 3.14 

Let A be 𝜏1𝜏2-𝑔 -closed and 𝐴 ⊂ 𝐵 ⊂ 𝜏2 − 𝑐𝑙(𝐴) then B is 

𝜏1𝜏2-𝑔 -closed. 

 

Proof: 

Let 𝐵 ⊆ 𝑈 where 𝑈 is 𝜏1-sg-open.Then 𝐴 ⊂ 𝐵 ⊂ 𝑈 ⇒
𝜏2 − 𝑐𝑙 𝐴 ⊆ 𝑈. 

Given 𝐵 ⊂ 𝜏2 − 𝑐𝑙(𝐴) and 𝜏2 − 𝑐𝑙(𝐵) is the smallest 

closed set containing B. 

∴ 𝐵 ⊂ 𝜏2 − 𝑐𝑙(𝐵) ⊂ 𝜏2 − 𝑐𝑙(𝐴) ⊂ 𝑈 ⇒ 𝜏2 − 𝑐𝑙(𝐵) ⊂
𝑈 ⇒ B is 𝜏1𝜏2-𝑔 -closed. 

 

Theorem 3.15 

If A is 𝜏1𝜏2-𝑔 -closed then 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 does not 

contains any non-empty 𝜏1-sg-closed set. 

 

Proof: 

Suppose 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 contains a not empty 𝜏1-sg-

closed set F. 

Then 𝐹 ⊂ 𝜏2 − 𝑐𝑙 𝐴 − 𝐴.⇒ 𝐹 ⊂ 𝜏2 − 𝑐𝑙(𝐴) but 𝐹 ⊄
𝐴 ⇒ 𝐹 ⊂ 𝐴𝑐 ⇒ 𝐴 ⊂ 𝐹𝑐  where 𝐹𝑐  is 𝜏1-sg-open.⇒ 𝜏2 −

𝑐𝑙(𝐴) ⊂ 𝐹𝑐 ⇒ 𝐹 ⊂  𝜏2 − 𝑐𝑙 𝐴  
𝑐
 .  

We have 𝐹 ⊂ 𝜏2 − 𝑐𝑙 𝐴 ∩  𝜏2 − 𝑐𝑙 𝐴  
𝑐

= 𝜙 ∴ 𝜏2 −

𝑐𝑙 𝐴 − 𝐴 does not contains any non-empty 𝜏1-sg-closed 

set. 

 

Theorem 3.16 

Let A be 𝜏1𝜏2-𝑔 -closed. Then A is 𝜏2-closed iff  𝜏2 −
𝑐𝑙 𝐴 − 𝐴 is 𝜏1-sg-closed set. 

 

Proof: 

Suppose that A is  𝜏1𝜏2-𝑔 -closed and 𝜏2-closed. Then 

𝜏2 − 𝑐𝑙 𝐴 = 𝐴. 

⇒ 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 = 𝜙 . which is 𝜏1-sg-closed set. 

Conversely, assume that A is A be 𝜏1𝜏2-𝑔 -closed and  

𝜏2 − 𝑐𝑙 𝐴 − 𝐴 is 𝜏1-sg-closed set.Since A is is 𝜏1𝜏2-𝑔 -
closed, 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 does not contains any non-empty 

𝜏1-sg-closed set.⇒ 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 = 𝜙 ⇒ 𝜏2 − 𝑐𝑙 𝐴 =
𝐴 .⇒A is 𝜏2-closed. 

 

Theorem 3.17 

If A is  𝜏1𝜏2-𝑔 -closed and 𝐴 ⊂ 𝐵 ⊂ 𝜏2 − 𝑐𝑙(𝐴) then 

𝜏2 − 𝑐𝑙 𝐵 − 𝐵 contains no non-empty 𝜏1-sg-closed set. 

 

Proof: 

Let A be  𝜏1𝜏2-𝑔 -closed and 𝐴 ⊂ 𝐵 ⊂ 𝜏2 − 𝑐𝑙(𝐴). By 

theorem 3.14, B is  𝜏1𝜏2-𝑔 -closed. Since B is  𝜏1𝜏2-𝑔 -
closed, then by theorem 2.15 𝜏2 − 𝑐𝑙 𝐵 − 𝐵 contains no 

non-empty 𝜏1-sg-closed set.Hence 𝜏2 − 𝑐𝑙 𝐵 − 𝐵 

contains no non-empty 𝜏1-sg-closed set. 
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Theorem 3.18 

For each 𝑥 ∈ 𝑋, the singleton {𝑥} is either 𝜏1-sg-closed set 

or its complement {𝑥}𝑐  is 𝜏1𝜏2-𝑔 -closed. 

 

Proof: 

Suppose {𝑥} is not 𝜏1-sg-closed, then {𝑥}𝑐  will not be 𝜏1-

sg-open. ⇒ X is the only 𝜏1-sg-open set containing 

{𝑥}𝑐 .⇒ 𝜏2 − 𝑐𝑙{𝑥}𝑐 ⊂ 𝑋 . ⇒ {𝑥}𝑐  is 𝜏1𝜏2-𝑔 -closed.⇒ {𝑥} 

is 𝜏1𝜏2-𝑔 -open. 

 

Theorem 3.19 

Arbitrary union of 𝜏1𝜏2-𝑔 -closed sets  𝐴𝑖 , 𝑖 ∈ 𝐼  in a 

bitopological space (𝑋, 𝜏1, 𝜏2) is 𝜏1𝜏2-𝑔 -closed if the 

family {𝐴𝑖 , 𝑖 ∈ 𝐼} is locally finite on X. 

 

Proof: 

Let {𝐴𝑖/𝑖 ∈ 𝐼} be locally finite on X and each 𝐴𝑖  is 𝜏1𝜏2-

𝑔 -closed in X. 

To prove:  𝐴𝑖  is 𝜏1𝜏2-𝑔 -closed. 

Let  𝐴𝑖 ⊂ 𝑈 where U is 𝜏1-sg-open.⇒ 𝐴𝑖 ⊂ 𝑈,for every 

𝑖 ∈ 𝐼. ⇒ 𝜏2 − 𝑐𝑙 𝐴𝑖 ⊂ 𝑈 for every 𝑖 ∈ 𝐼. ⇒  𝜏2 −
𝑐𝑙𝐴𝑖⊂𝑈. Since 𝐴𝑖is locally 

finite,𝜏2 − 𝑐𝑙  𝐴𝑖 =  𝜏2 − 𝑐𝑙 𝐴𝑖 .⇒ 𝜏2 − 𝑐𝑙  𝐴𝑖 ⊂
𝑈  whenever  𝐴𝑖 ⊂ 𝑈 where U is 𝜏1-sg-open.⇒  𝐴𝑖  is 

𝜏1𝜏2-𝑔 -closed.  

4. 𝛕𝟏𝛕𝟐-𝐠 -open sets 
 

Definition 4.1 

A subset A of bitopological space (𝑋, 𝜏1 , 𝜏2) is called 

𝜏1𝜏2-𝑔 -open iff 𝑋 − 𝐴 is 𝜏1𝜏2-𝑔 -closed. 

 

Example 4.2 

In example 3.2, 𝜙, 𝑋,  𝑎 , {𝑎, 𝑏} are 𝜏1𝜏2-𝑔 -open sets in X. 

 

Theorem 4.3 

A set A is 𝜏1𝜏2-𝑔 -open iff 𝐹 ⊆ 𝜏2 − 𝑖𝑛𝑡(𝐴) where F is 𝜏1-

sg-closed and 𝐹 ⊆ 𝐴. 

 

Proof: 

Suppose A is 𝜏1𝜏2-𝑔 -open. Then 𝐴𝑐  is 𝜏1𝜏2-𝑔 -closed. 

Suppose that F is 𝜏1-sg-closed and 𝐹 ⊆ 𝐴. Then 𝐹𝑐  is 𝜏1-

sg-open and 𝐴𝑐 ⊆ 𝐹𝑐 . Therefore 𝜏2 − 𝑐𝑙 𝐴𝑐 ⊆ 𝐹𝑐  (since 

𝐴𝑐  is𝜏1𝜏2-𝑔 -closed) . ⇒ 𝑋 − 𝜏2𝑖𝑛𝑡(𝐴) ⊂ 𝐹𝑐 [ since 

𝑐𝑙 𝑋 − 𝐴 = 𝑋 − 𝑖𝑛𝑡(𝐴)]. Hence 𝐹 ⊆ 𝜏2 − 𝑖𝑛𝑡(𝐴). 

 

Conversely, suppose that 𝐹 ⊆ 𝜏2 − 𝑖𝑛𝑡(𝐴) where F is 𝜏1-

sg-closed and 𝐹 ⊆ 𝐴.Then  𝐴𝑐 ⊆ 𝐹𝑐  and  𝐹𝑐  is 𝜏1-sg-

open. Take 𝑈 = 𝐹𝑐 . Since 𝐹 ⊆ 𝜏2 − 𝑖𝑛𝑡(𝐴), we have 

 
 𝜏2 − 𝑖𝑛𝑡 𝐴  𝑐 ⊆ 𝐹𝑐 = 𝑈 . ⇒ 𝜏2 − 𝑐𝑙 𝐴𝑐 ⊆ 𝑈[ since 

𝑐𝑙 𝐴𝑐 = (𝑖𝑛𝑡𝐴)𝑐]. Therefore 𝐴𝑐  is 𝜏1𝜏2-𝑔 -closed.Thus A 

is 𝜏1𝜏2-𝑔 -open. 

 

Remark 4.4 

Every 𝜏1-open set is 𝜏1𝜏2-𝑔 -open but the converse is not 

true in general as can be seen from the following two 

examples. 

 

Example 4.5 

In example 3.4, 

𝜏1𝜏2-𝑔 -open sets 𝜙, 𝑋,  𝑎 ,  𝑏 ,  𝑐 ,  𝑏, 𝑐 ,  𝑎, 𝑐 , {𝑎, 𝑏, 𝑐}. 
 𝑎, 𝑐  is 𝜏1𝜏2-𝑔 -open in X but not 𝜏1-open in X. 

Theorem 4.6 

If A and B are 𝜏1𝜏2-𝑔 -open sets in bitopological space 

 𝑋, 𝜏1 , 𝜏2  then their intersection is a 𝜏1𝜏2-𝑔 -open set. 

 

Proof: 

If A and B are 𝜏1𝜏2-𝑔 -open sets, then 𝐴𝑐  and 𝐵𝑐  are 𝜏1𝜏2-

𝑔 -closed sets. 𝐴𝑐 ∪ 𝐵𝑐  is 𝜏1𝜏2-𝑔 -closed sets (by theorem 

3.11). 𝐴 ∩ 𝐵 𝑐 is 𝜏1𝜏2-𝑔 -closed.⇒ 𝐴 ∩ 𝐵 is a𝜏1𝜏2-𝑔 -open 

set. 

 

Remark 4.7 

The union of two 𝜏1𝜏2-𝑔 -open sets is need not be 𝜏1𝜏2-𝑔 -
opens set in X. 

 

This can be seen from the following example. 

 

Example 4.8 

Let 𝑋 =  𝑎, 𝑏, 𝑐, 𝑑 ;  𝜏1 =  𝑋, 𝜙,  𝑎, 𝑏  ;  𝜏2 =

 𝑋, 𝜙,  𝑏 ,  𝑐 ,  𝑏, 𝑐   

𝜏1𝜏2-𝑔 -closed set are 

𝑋, 𝜙,  𝑑 ,  𝑎, 𝑑 ,  𝑏, 𝑑 ,  𝑎, 𝑏, 𝑑 ,  𝑎, 𝑐, 𝑑 , {𝑏, 𝑐, 𝑑}. 

𝜏1𝜏2-𝑔 -open set are 

𝑋, 𝜙,  𝑎 ,  𝑏 ,  𝑐 ,  𝑎, 𝑐 ,  𝑏, 𝑐 , {𝑎, 𝑏, 𝑐}. 

 

Here {a} and {b} are 𝜏1𝜏2-𝑔 -open sets but they union is 

not 𝜏1𝜏2-𝑔 -open set. 

 

Theorem 4.9 

The arbitrary intersection of 𝜏1𝜏2-𝑔 -open sets 𝐴𝑖 , 𝑖 ∈ 𝐼 in a 

bitopological space (𝑋, 𝜏1 , 𝜏2) is 𝜏1𝜏2-𝑔 -open if the family 
 𝐴𝑖

𝑐 , 𝑖 ∈ 𝐼  is locally finite in (𝑋, 𝜏1). 

 

Proof: 

Let  𝐴𝑖
𝑐 , 𝑖 ∈ 𝐼  is locally finite in (𝑋, 𝜏1) and 𝐴𝑖 is 𝜏1𝜏2-𝑔 -

open in X for each 𝑖 ∈ 𝐼. Then 𝐴𝑖
𝑐  is 𝜏1𝜏2-𝑔 -closed in X 

for each 𝑖 ∈ 𝐼. By theorem 3.19, we have   𝐴𝑖
𝑐  is 𝜏1𝜏2-

𝑔 -closed in X.Consequently, let   𝐴𝑖 
𝑐  is 𝜏1𝜏2-𝑔 -closed 

in X. therefore  𝐴𝑖  is 𝜏1𝜏2-𝑔 -open in X. 

 

Theorem 4.10 

If  𝜏2 − 𝑖𝑛𝑡(𝐴) ⊂ 𝐵 ⊂ 𝐴 and A is 𝜏1𝜏2-𝑔 -open in X then 

B is also 𝜏1𝜏2-𝑔 -open in X. 

 

Proof: 

Suppose 𝜏2 − 𝑖𝑛𝑡(𝐴) ⊂ 𝐵 ⊂ 𝐴 and A is 𝜏1𝜏2-𝑔 -open. 

Then 𝐴𝑐 ⊂ 𝐵𝑐 ⊂ 𝑋 − 𝜏2 − 𝑖𝑛𝑡 𝐴 = 𝜏2 − 𝑐𝑙 𝑋 − 𝐴 =
𝜏2 − 𝑐𝑙 𝐴𝑐 .Since 𝐴𝑐  is 𝜏1𝜏2-𝑔 -closed set, by theorem 

3.14, 𝐵𝑐  is 𝜏1𝜏2-𝑔 -closed set. ⇒B is 𝜏1𝜏2-𝑔 -open in X. 

 

Theorem 4.11 

If a set A is 𝜏1𝜏2-𝑔 -closed in X, then 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 is 

𝜏1𝜏2-𝑔 -open set. 

 

Proof: 

Suppose that A is 𝜏1𝜏2-𝑔 -closed in X. To prove 𝜏2 −
𝑐𝑙 𝐴 − 𝐴 is 𝜏1𝜏2-𝑔 -open set.Let F be 𝜏1-sg-closed set 

and 𝐹 ⊆ 𝜏2 − 𝑐𝑙 𝐴 − 𝐴. Since A is 𝜏1𝜏2-𝑔 -closed set in 

X, we have 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 contains no non-empty  𝜏1-sg-

closed set. Since 𝐹 ⊆ 𝜏2 − 𝑐𝑙 𝐴 − 𝐴,  

we have 

𝐹 = 𝜙 ⊆ 𝜏2 − 𝑖𝑛𝑡 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 . 
Therefore 𝜏2 − 𝑐𝑙 𝐴 − 𝐴 is 𝜏1𝜏2-𝑔 -open set. 
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Theorem 4.12 

If a set A is 𝜏1𝜏2-𝑔 -open in a bitopological space 

(𝑋, 𝜏1 , 𝜏2) then 𝐺 = 𝑋 whenever G is 𝜏1-sg-open satisfies 

𝜏2 − 𝑖𝑛𝑡 𝐴 ∪ 𝐴𝑐 ⊆ 𝐺. 

 

Proof: 

Suppose that A is 𝜏1𝜏2-𝑔 -open in a bitopological space 

(𝑋, 𝜏1 , 𝜏2) and G is  𝜏1-sg-open and 𝜏2 − 𝑖𝑛𝑡 𝐴 ∪ 𝐴𝑐 ⊆
𝐺. Then 𝐺𝑐 ⊆  𝜏2 − 𝑖𝑛𝑡 𝐴 ∪ 𝐴𝑐 𝑐 = 𝜏2 − 𝑐𝑙 𝐴𝑐 − 𝐴𝑐  . 

Since G is 𝜏1-sg-open, we have 𝐺𝑐  is 𝜏1-sg-closed. Since 

A is 𝜏1𝜏2-𝑔 -open, we have 𝐴𝑐  is 𝜏1𝜏2-𝑔 -closed. Therefore 

𝜏2 − 𝑐𝑙 𝐴𝑐 − 𝐴𝑐  contains no non-empty 𝜏1-sg-closed set 

in X. (by theorem 3.17).  Consequently 𝐺𝑐 = 𝜙. Hence 

𝐺 = 𝑋. 

 

Example 4.13 

Let  𝑋 =  𝑎, 𝑏, 𝑐, 𝑑 ;  𝜏1 =  𝑋, 𝜙,  𝑎, 𝑏  ;  𝜏2 =

 𝑋, 𝜙,  𝑏 ,  𝑐 ,  𝑏, 𝑐   

𝜏1𝜏2-𝑔 -open set are 

𝑋, 𝜙,  𝑎 ,  𝑏 ,  𝑐 ,  𝑎, 𝑐 ,  𝑏, 𝑐 , {𝑎, 𝑏, 𝑐}. 

𝐴 =  𝑐, 𝑑 ; 𝐴𝑐 = {𝑎, 𝑏} 

𝜏2 − 𝑖𝑛𝑡 𝐴 = 𝜏2 − 𝑖𝑛𝑡  𝑐, 𝑑  = {𝑐} 

𝜏2 − 𝑖𝑛𝑡 𝐴 ∪ 𝐴𝑐 =  𝑐 ∪  𝑎, 𝑏 = {𝑎, 𝑏, 𝑐} ⊆ 𝑋. 

X is 𝜏1-sg-open but 𝐴 = {𝑐, 𝑑} is not 𝜏1𝜏2-𝑔 -open. 

 

Theorem 4.14 

The intersection of 𝜏1𝜏2-𝑔 -open set and 𝜏2-open set is 

always 𝜏1𝜏2-𝑔 -open set. 

 

Proof: 

Suppose that A is 𝜏1𝜏2-𝑔 -open set and B is 𝜏2-open set. 

Since B is 𝜏2-open, we have 𝐵𝑐  is 𝜏2-closed.“Every 𝜏2-

closed set is  𝜏1𝜏2-𝑔 -closed ”.Therefore 𝐵𝒄is 𝜏1𝜏2-𝑔 -
closed. ⇒B is 𝜏1𝜏2-𝑔 -open. By theorem 4.6, 𝐴 ∩ 𝐵 is 

𝜏1𝜏2-𝑔 -open set. 
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