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1. Introduction

Levine [8] introduced semi open sets in 1963 and also
Levine [7] defined generalized closed sets in 1970. AblEI-
Monsef et al.[2] introduced B-open sets. Veerakumar [11]
introduced “g-closed sets in topological spaces. O.Ravi
[10] and S.Ganesan [10] declaredg-closed sets in
topological spaces. Kelley [6] initiated the study of
bitopological spaces in 1963. A nonempty set X equipped
with two topologiest; and t, is called a bitopological
space and is denoted by (X,7,7;). Since then several
topologists generalized many of the results in topological
spaces to bitopological spaces. Fukutake [3] introduced
generalized closed sets in bitopological spaces. Fukutake
[4] defined semi open sets in bitopological spaces.

2. Preliminaries

Definition 2.1: A subset A of a bitopological space
(X,71,7,) iscalled a
1. 1y7,-semi open [2] if A © T,cl(tyint(4)) and it
is called T,T,-semi closed [2] if
Tyint(tycl(4)) € A
2. 1y1,-pre open[5] if A < tyint(ricl(4)) and
7, 7,-preclosed [5] if T,cl(zyint(4)) € A

3. 117,-a-open [9] if A c tyint (‘rzcl(‘rl int(A))).

Definition 2.2: A subset A of a bitopological space
(X,74,7,) iscalled a

1. 1y1,-g-closed [3](z;7,-generalized closed ) if 7,-
cl(A) c U, whenever A c U, U is t,-open.

2. 117,-5g-closed [4](t;T,-semi generalized closed)
if T,-scl(A) c U, whenever A c U, U is 7,-semi
open.

3. 1y15-gs-closed [5] (T;7,-generalized semi closed
) if 7,-scl(A) c U, whenever Ac U, U is t14-
open.

4. t1y19-ag-closed [9] (t;7,-a-generalized closed) if
T,-acl(A) c U, whenever A c U, U is t,-0pen.

5. t17,-ga-closed [9] (t17,-generalized a-closed) if
T,-acl(A) c U, whenever Ac U, U is t1i-a-
open.

6. T1y7,-g-closed[5] if t,-cl(A) c U, whenever
A c U, Uis t;- semi open.

3. 111,-g-Closed sets

Definition 3.1

A subset A of (X,7q,7;) is called a 7;7,-g-closed if 7,-
cl(A) c U, whenever Ac U andU is t;-Sg-open in
(X' Tl)-

Example 3.2
Let

X = {a, b, C}; Tl = {X, d)l {a}}l TZ = {X, ¢, {a}, {a, b}}
Then X, ¢, {c}, {b, c} are 7;7,-g-Closed sets.

Theorem 3.3
Every 7,-closed set is 7, T,-g-closed sets.

Proof:

Let A be 7,-closed. Then 7, — cl(A) = A.=> 1, — cl(A) <
U whenever A € U and U is 7,-sg-open.=A is 1,7,-§-
closed sets.

The converse of the above theorem need not be true as
seen from the following example.

Example 3.4

LetX ={a,b,c,d}; 1, = {X, ¢, {a, b}}; Ty =
{X,¢,{b}, {c}, b, c}}.

T1T,-g-closed sets are

X, ¢,{d},{a,d},{b,d},{a,b,d},{a,c d}.

Therefore {d}, {b, d} are t,7,-g-closed set but they are
notz,-closed.

Theorem 3.5
Every t,1,-g-closed set is t;7,-g-closed.

Proof:

Let A< U, U is t4-open. Then U is 7;-sg-open.= 1, —
c(A) cU [+ Ais tyt,-g-closed 1= 1, —cl(A) c U
whenever A € U and U is 7;-open.=A is t;7,-g-closed
sets.

The converse of the above theorem need not be true as
seen from the following example.

Example 3.6
LetX ={a,b,c,d}; 1, = {X, ¢, {a, b}}; 7, =
{X, ¢,{b}, {c}, (b, c}}
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T1T,-g-closed sets are

X, ¢,{d}, {a,d},{b,d},{a,b,d} {a,c, d}

T,T,-g-closed sets are

X, ¢,{c},{d}{a,c}{a,d},{b c},{b,d} {cd},
{a,b,c},{a,b,d},{a,c,d},{b,c, d}.

Here {c},{c,d},{a,b,c},{a,b,d} is t,7,-g-closed set but
they are notz; 7,-g-closed set.

Theorem 3.7
Every t,7,-g-closed set is 7;7,-g- closed.

Proof:

Let A € U, U is 7;-semi open. Then U is t;-sg-open.
Since A is ty1,-g-closed,t, — cl(A) € U whenever
AcU and U is ty-semi open=1t, —cl(A) €U
whenever A € U and U is t;- semi open.=A is 7,7,-§-
closed sets.

Theorem 3.8
Every 7, 7,-g-closed set is 7, 7,-gs-closed.

Proof:

Let Ac U, U is t,-open. U is t;-open= Uis t;-S0-
open=> 1, —cl(A) €U (By assumption)But 7, —
scl(A) € 1, — cl(A) € U whenever A U and U is 14-
open.= 1, — scl(A) € U whenever A < U and U is 14-
open.= Ais 7, T,-gs-closed.

Theorem 3.9
Every 7, 7,-g-closed set is 7, 7,-ag-closed.

Proof:

Let Ac U, U is t,-open. U is t;-open= U is T;-SQ-
open.=> 1, —cl(A) €U (By assumption) But 7, —
acl(A) € 1, —cl(A) € U whenever A< U and U is 14-
open.= 1, —acl(A) € U whenever A € U and U is ;-
open.

= Ais 1, T,-ag-closed.

Theorem 3.10
Every 7, 7,-g-closed set is 7, 7,-ga-closed.

Proof:

Let Ac U, U is 7,-a-open. U is t;-a-open= U is 7,-50-
open.

=1, —cl(A) €U (By assumption)But 7, — acl(4) <
T, —cl(A) € U whenever A< U and U is t,-a-open.=
T, — acl(A) € U whenever A € U and U is 7;-a-open.=
A'is 7, 75-ga-closed.

Theorem 3.11
Union of two 7, 7,-g-closed sets is 7, 7,-§-closed.

Proof:

Assume that A and B are t;7,-g-closed sets.Let AU B <
U where U is 7;-sg-open. ThenA c UandB<S U.=> 1, —
cl(A)cUandty, —cl(B) U= 1, —cl(A) Uty —
cl(B)cUBuUt t; —cl(AUB) =1, —cl(A) Uty —
cl(B) < U. Therefore 7, — cl(A U B) € U whenever
AU B < U&U is t,-sg-open. Therefore A U B is 11 75-§-
closed.

Remark 3.12

The intersection of two 7;7,-g-closed sets need not be
T1T,-g-closed.

This can be seen from the following example.

Example 3.13

LetX ={a,b,c} 7y = {X, ¢, {b,c}}; 7, = {X, &, {a}}
T1T,-g-closed sets X, ¢, {a}, {a, b}, {b, c},{a, c}.

A ={a,b}and B = {b, c}

AN B = {b}isnot 7;7,-g-closed set.

Theorem 3.14
Let A be t,75-g-closed and A € B c 7, — cl(A) then B is
T1T,-g-closed.

Proof:

Let B € U where U is t;-sg-open.ThenAc Bc U =

T, —cl(A) c U.

Given B c 1, —cl(A) and 7, —cl(B) is the smallest
closed set containing B.
~Bcr,—cl(B)ct,—cl(A)cU=1,—cl(B) C

U = Bis t;7,-g-closed.

Theorem 3.15
If A is t7y1,-g-closed then 7, —cl(A) — A does not
contains any non-empty t;-sg-closed set.

Proof:

Suppose T, — cl(A) — A contains a not empty T7;-SQ-
closed set F.

ThenF c 1y, —cl(A) —A=>Fcrt,—cl(A)butF ¢
A=F c A° = A c F° where F€ is t,-5g-0pen.= 1, —
cl(A) c F¢ = F c (1, — cl(4))° .

We have F c 7, — cl(4) N (1, — cl(4)) = ¢ = 75 —
cl(A) — A does not contains any non-empty 7, -sg-closed
set.

Theorem 3.16
Let A be t;1,-g-closed. Then A is t,-closed iff 1, —
cl(A) — A is t;-sg-closed set.

Proof:

Suppose that A is ty1,-g-closed and t,-closed. Then
T, —cl(A) = A.

= 1, — cl(A) — A = ¢ . which is 7, -sg-closed set.
Conversely, assume that A is A be t;7,-g-closed and
T, —cl(A) — A is 14-sg-closed set.Since A is is t17,-g-
closed, 1, — cl(A) — A does not contains any non-empty
71-5g-closed set=> 1, —cl(A) —A=¢ =1, —cl(4) =
A =Ais T,-closed.

Theorem 3.17
If Ais 1y7,-g-closed and A c B c t, —cl(A) then
T, — cl(B) — B contains no non-empty t;-sg-closed set.

Proof:

Let A be t;1,-g-closed and A € B c 7, —cl(4). By
theorem 3.14, B is ty1,-g-closed. Since B is 7,1,-g-
closed, then by theorem 2.15 7, — cl(B) — B contains no
non-empty  t;-sg-closed set.Hence 1, —cl(B) —B
contains no non-empty 7;-sg-closed set.
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Theorem 3.18
For each x € X, the singleton {x} is either 7,-sg-closed set
or its complement {x}¢ is t;7,-g-closed.

Proof:

Suppose {x} is not t,-sg-closed, then {x}° will not be ;-
sg-open. = X is the only 7{-sg-open set containing
{x}¥=> 1, —cl{x}* c X . = {x}° is 1y1,-G-closed.= {x}
is T, T,-g-open.

Theorem 3.19

Arbitrary union of t,7,-g-closed sets {A;,i €I} in a
bitopological space (X,71,7;) is T7,-g-closed if the
family {4;,i € I} is locally finite on X.

Proof:

Let {A;/i € I} be locally finite on X and each 4; is 7,7,-
g-closed in X.

To prove: U 4; is t;7,-g-closed.

Let UA; c U where U is t,-sg-open.= A; c U, for every
i€el. >1,—cl(A;))cU for every i€l. 22U, —
clAicl. Since Ads locally
finite,7, — cl(UA4;)) = Uty —cl(4)=> 1, —cl(U4;) c
U whenever U A; c U where U is t;-sg-open.= U 4; is
T1T,-g-closed.

4. 14T,-g-0pen sets

Definition 4.1
A subset A of bitopological space (X,7q,7,) is called
T1T,-g-open iff X — A is 7, 7,-g-closed.

Example 4.2
In example 3.2, ¢, X, {a}, {a, b} are t;T,-g-open sets in X.

Theorem 4.3
A set Ais T,T,-g-open iff F € 7, — int(A) where F is ;-
sg-closed and F < A.

Proof:

Suppose A is ty7,-g-open. Then A° is 7,T,-g-closed.
Suppose that F is t;-sg-closed and F < A. Then F€ is ;-
sg-open and A¢ € F¢. Therefore t, — cl(A°) € F° (since
A°  istyT,-g-closed) .= X —t,int(A) € F°[ since
cl(X — A) = X — int(A)]. Hence F < 1, — int(A).

Conversely, suppose that F < t, — int(A) where F is t4-
sg-closed and F € A.Then A° € F° and F° is 1,-5Q-
open. Take U = F¢. Since F < 1, — int(A), we have

[T, —int(A)]* € F =U = 1, — cl(A°) € U[ since
cl(A°) = (intA)€]. Therefore A¢ is t,7,-F-closed. Thus A
is 7, T,-g-open.

Remark 4.4

Every t,-open set is 7;7,-g-open but the converse is not
true in general as can be seen from the following two
examples.

Example 4.5

In example 3.4,

T1T2-g-open sets ¢, X, {a}, {b},{c}, {b, c},{a,c},{a,b,c}.
{a, c} is Ty T,-gG-open in X but not 7,-open in X.

Theorem 4.6
If A and B are 1,7,-g-open sets in bitopological space
(X, 74, 7,) then their intersection is a t;7,-g-open set.

Proof:

If A and B are t,7,-g-0pen sets, then A° and B¢ are 1,7,
g-closed sets. A€ U B is 1,1,-g-closed sets (by theorem
3.11).(A n B)¢is ty1,-g-closed.= A N B is aty1,-g-open
set.

Remark 4.7
The union of two 7, 7,-g-0pen sets is need not be 7, 7,-g-
opens set in X.

This can be seen from the following example.

Example 4.8

LetX ={a,b,c,d}; 1, = {X, ¢, {a, b}}; Ty =
{X,¢,(b},{c}, {b,c}}

T1T5-g-closed set are

X, ¢,{d},{a,d},{b,d},{a,b,d},{a,c d},{b,c d}.
T{T,-g-0pen set are

X,¢,{a}, {b},{c},{a,c},{b,c}{a b, c}.

Here {a} and {b} are 7,7,-g-open sets but they union is
not t,t,-g-open set.

Theorem 4.9

The arbitrary intersection of 7,7,-g-open sets 4;,i € [ ina
bitopological space (X, 74, T2) is T1T,-g-open if the family
{45,i € I} is locally finite in (X, 7¢).

Proof:

Let {Af,i € I} is locally finite in (X,7;) and A;is 7,7,-§-
open in X for each i € I. Then A{ is 7,7,-g-closed in X
for each i € I. By theorem 3.19, we have U(AY) is t,7,-
g-closed in X.Consequently, let (N 4;)¢ is 7;7,-g-closed
in X. therefore N 4; is 7,7,-g-open in X.

Theorem 4.10
If 7, —int(A) c B c A and A is t;7,-g-open in X then
B is also 7, 7,-g-open in X.

Proof:

Suppose 7, —int(A) cBc A and A is t;T,-g-open.
Then A°cB‘cX—1,—int(Ad)=1,—cl(X—A) =
T, — cl(A°).Since A€ is 1y71,-g-closed set, by theorem
3.14, B¢ is Ty T,-g-closed set. =B is t;1,-g-open in X.

Theorem 4.11
If a set A is t;7,-g-closed in X, then 7, — cl(A) — A is
T, T,-g-0pen set.

Proof:

Suppose that A is 1y7,-g-closed in X. To prove 7, —
cl(A) — A is 1y1,-g-open set.Let F be t,-sg-closed set
and F € 1, — cl(A) — A. Since A is t;7,-g-closed set in
X, we have 1, — cl(A) — A contains no non-empty t;-sg-
closed set. Since F € 7, — cl(A) — A,

we have

F=¢ <1, —int(t, — cl(4) — A).

Therefore 7, — cl(A) — A is T, T,-G-0pen set.
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Theorem 4.12

If a set A is 1y7,-g-open in a bitopological space
(X,14,7,) then G = X whenever G is t;-sg-open satisfies
T, — int(A) U A° € G.

Proof:

Suppose that A is t;7,-g-open in a bitopological space
(X,14,75) and G is 1;-sg-open and 1, — int(A) U A° C
G. Then G° S [t, —int(A) U Al =1, — cl(A°) — A° .
Since G is 7;-sg-open, we have G°¢ is t,-sg-closed. Since
A is 117,-g-open, we have A€ is t,7,-g-closed. Therefore
T, — cl(A) — A€ contains no non-empty t;-sg-closed set
in X. (by theorem 3.17). Consequently G¢ = ¢. Hence
G=X.

Example 4.13
Let X ={a,b,c,d}; 1, = {X, o, {a,b}}; Ty, =
{X, ¢,{b}, {c}, (b, c}}
T,T,-g-0pen set are
X, ¢, {a}, {b},{c}.{a c}{b,c}{aD,c}.
A ={cd}; A° ={a, b}

T, — int(4) = 1, — int({c,d}) = {c}
T, —int(A) UA® ={c}u{a,b} ={a,b,c} C X.
X is 1-sg-open but A = {c, d} is not t;1,-g-open.

Theorem 4.14
The intersection of 7;7,-g-open set and t,-open set is
always t,7,-g-open set.

Proof:

Suppose that A is 7;t,-g-open set and B is 7,-open set.
Since B is t,-open, we have B¢ is 7,-closed.“Every t,-
closed set is t;7,-g-closed ”.Therefore B€is T,T,-g-
closed. =B is 7,1,-g-open. By theorem 4.6, AN B is
T, T-g-0pen set.
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