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Abstract: Let R be a ring optional, U be an additive subgroup of R and o,7:R —>R be twomapping
[X, y]a o= Xo (X) — 7(Y) X in most of our study we will consider R is prime ring with characteristic not equal 2, and (o, 1)

functions equivalent automorphsem. The basic aim of this study Is the study of circulating Lieidealto (O'.Z') - Lie ideal

mainstreaming some results at (o-.7) - Lie ideal using theorems non-generalized for the purpose of circulating provable and

the use of these proofs generalized to help prove theorems other non-generalized.We can prove a lot of non-generalized
theorems on the subject Lie ideal by these theorems that have been circulated in this research. We have used in this research

{R>xVR;c(y)+7(x)c}=C,,
d(xy) =d(X)o(y) +z(x)d(y), Vx,y e R

Results are as follows

1) Theorem (2.1).Let d, :R — R bea (0.7) - derivationand d, :R — Rbean (a;,a,) - derivationandd, :R > R

be an (3, B) -derivation. Such that d, 5 = £d,,d,[ = fd,,d, S = £d,, where g is automorphisn of R. If U # (0) is an
ideal of R such that d;(U) < Uand d,d,d,(U) =0, Theneither d, =0or d, =00r d; =0.

2) Theorem (2.2)(In general). Letd, : R — R be (0.7) - derivationand d; : R — Rbe an (e, ;) — derivation such that
do, = a,d;, dia; = ;d;,i=2.....n, j =n—1, Where isez; an outomorphism of R if U = (0) s an ideal of R such that

]

dU)cUAdgd,....d U)=0),neN,
Then either d, =0or d, =0 ......ord, =0

3) Theorem (2.3).Let U be nonzero ideal of Rand@,b,c €U ,
if[C,[a, [b, X]]]a _=0,Vx e U forall xe U, then either
1.c,aeC_ orbeZ(R).

2.ceC_ ora,beZ(R).
4) Theorem (2.4) (In general). Let U be nonzero ideal of R and,

ifa,a), ... ,a, €U, VX eU then either
1.8,,8, 4yeeeenenn a,eC__ora €Z(R)
2. a,eC, orad 4, a €Z(R)

Keywords: Lie ideals, ring, semi-ring, characteristic ring, derivation, homomorphic.
1.Introduction

This work is a continuation of a series results that have been obtained by some researchers(K. A. Jassim ) and Dr. (A.A.
Hameed) see [25-26].

Let R be aring, U be an additive subgroup of R, U is called a lie ideal of R if [U : R] cU.
We generalized this definition that : If we have o, 7 :R — R be two mapping then
1) U'is called a (o.7) right Lie ideal of R if[U, R]o‘ NV

2) U'is called a (o.7) lift Lie ideal of R if [R,U ]M cU.
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3) Uis called a (0.7) - Lie ideal of R if U is both (o.7) - right Lie ideal and

(o.7) - lift Lie ideal of R.

This chapter consists of two sections, in section one we give the basic definitions and study the relations among them, we
illustrate some of these results by some examples.In most of our study we will consider R is prime ring with characteristic not

equal 2, and o, T functions equivalent automorphsem.In section two, we gave important results when U is a (o, 7) right Lie
ideal of R, such that if [U,U ]G _cC,  theneither U c Z(R)orU < C_ . Also if U is asubring of Rwith new theorems

which represents the generalization to lemma (3.1) when n=3 and when n in general, as well as we concluded a new theorem
(3.3) we got some relations between the center of the R, denoted by Z(R) and between the centralizer of x in R, denoted by

C.(x).

The aim of the study

1) Study is a generalization of the concept is perfect for Lie ideal to (o, 7) - Lie ideal and a generalization some of the results
of the ideal for ideal to (o, T )- Lie ideal as well as provable.

2) To study the relationship between the derivative and the (o, 7) - Lie ideal and give some important results, we have used in
this study

{R 3 XVR;co(y)+7(X)C;R e C} =C,, . as well as we used the following formula to complete derivation process
d(xy) =d(x)o(y)+z(x)d(y), vx,y eR.

2. Basic Concepts

Definition (2.1).Aring R is called a prime ring if aRb = (0),a,b € R , implies that
a=0orb=0

Definition(2.2).Aring R is called a semi prime ring if aRb =(0),a,b € R , implies that a=0.

Definition ( 3.3).Let R be an arbitrary ring. If there exists a positive integer n such that Na = O for all acR, then the smallest
positive integer with this property is called the characteristic of the ring, by symbols we write ChR = n .If no such positive
integer exists (that is, n=0 is the only integer for which na =0, for all ain R), then R is said to be of characteristic zero.

Remark (21).We can show easily that if R is a prime ring with characteristic not equal n is equivalent to n-torsion free.

Definition (2.4).Let R be aring. Define a Lie product [,] on R as follows

[, y]=xy—yxvx,yeR..

Remark (2.2).Let R be aring, then VX, Yy € Rwe hawe: -

[xyz]=y[xz]+[x Y]z

[x+y.z]=[x,z]+[y. Z]

[xy,z]=x[y.z]+[x z]y

Definition (2. 5 ).Let Abe a Lie subring of aring R. An additive subgroup U < Aiis said to be a Lie ideal of A, if whenever
uUeUand a€ A, then [u,a]eU .

Definition (2. 6).Let R be a ring Define the product [X, y] =xo(y)-z(y)X, Vx,yeR.

o,T

Remark(2.3).Let Rbe aringand let a, o, 7 : R — R be two mappings.The VX, Y,Z € R, we have:
D[x+y,z] :[x,z]w +[y. 7]

o, o

2)[xy.z] =x[y.z] +[x,(z)]wy:x[y,a(z)]+[x,z]wy.

o, o.r

Remark (2. 4).Let Rbe aring and let, 0,7 : R — R be two homomorphism’s. Then VX, Y € R, we hawe:
[x,yz] =z()[xz] +[x y] o(2)

o.r o.r
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Definition (2. 7).Let R be aring, U be an additive subgroup of R and, &, 7 : R — R be twomappings. Then
1) Uis calleda (o, 7) - right Lie ideal of Rif [U,R] < U

2) Uis calleda (o, 7) - left Lie ideal of Rif [R,U] < U

3) Uis calleda (o, 7)- Lie ideal of Rif U is both (o, 7) -right Lie ideal and (o, 7)
left Lie ideal of R.
Definition (2. 8).Let R be aring, the center of R, denoted by Z(R), is the-set

{aeR;ar=ravreR}.
Definition (2. 9).Let Xbe a nonempty subset of R, the centralizer of X in. R, denoted, by C, (X), is the set.
{aeR;[x,a]=0vreR}

Definition (2.10).Let R be aring and let, o, 7 : R — R be two mappings. (o, 7) - centralizer of R, denoted by C, . isthe set

{ceR;co(x)=7(x)cVxeR}.
Definition (2.11).Let R be aring. An additive mapping d:R —R is called a derivation on R if
d(xy) =d(X)y+xd(y)V X,y € R. We say that d is an inner derivation if there exists an element ac R. such that

d(x)=[a,x]vxeR.

Definition (2.12).Let R be aring. An additive mapping d : R — Ris called a(o, 7) -derivation where, o, 7: R — R be
two mappings, if d(Xxy) =d(X)a(y)+7(X)d(y)V X,y €R Itis clear that every derivation is a (o, 7) -derivation.
Definition (2.13). Let d : R — R be an additive mapping then we say that d is a (o, 7) -inner derivation if there exists an
element acR such that d (X) =[a, X]M ,VxeR

3( 0, 7)-Right Lie ideals

The following lemmas help us to prove the main theorems
Lemma( 3.1).Let dbe a (o, 7) -derivation of Rand @ € R, U be anonzero ideal of R. If (U) =(0)or (d(U)a=(0)),

then eithera=0ord =0.
Lemma (3.2).Let d;, = R — Rbea (o, 7)-derivationand d, =R = Rbe an (o, @)

derivation such thatd,or = d,, d, = xd, , where o is an automorphism ofR. If U # (0) is an ideal of R such that
d,(U) c U and d,d,(U) =(0), then either

d,=00ord,=0.

Proof.For any U,V eU,uv eU . By hypothesis d,d, (U) = (0), So,

0= dldz (uv) = dl(dZ(u) (V) + a(u)dz(v) = dl(dZ(u) AV)) +d1( ou)d 2(V)) =

= d,(d, (W) e(V)) +7(d, (W) dy( V) +d( W) od {W) +4 oY) d{d { V).

Since d,d, (U) =(0), also - z(d, (u))d, (ex(Vv)) + d, (a(u)o(d,(v)) =0, that is,

A (@(U)o(d, (V) +7(d,(W)dy (V) =0, YU,V €U .......... @

Replacing uby d,(U) in(1). We get

d, (e(d, (u)))o(d,(v)) +z(d,(d,(u)))d,(a(v)) =0 Using crd; = d,cx we have
z(dZ(u)d,(x(v)) =0,Vu,ve U........ (2) ,also, we have z(dZ (U)x(d, (v)) = 0.
Since a is an automorphism, hence o™ exists such that by Lemma (2.1)we get

dZ(u)=0VueUord, =0.Thatisd2(U)=(0)or d, =0.

Suppose d; # 0, then dZ(U) = (0) . For any u, veU, so uv e U.Hence,

0= dzz(uv) = dz(dz(uv)) = dz(dz(u) a(v) + o(u)d 2(V)) =d 2(d 2(u) oV)) +d 2( au)d 2(V)) =

— d,(d, ) (@) +a(d,(W)d (a(V) +d (a(W) A dLV) +a( (W) d{d (V) .
Butd; (U) =0, we get ar(d, (u))d, (x(Vv)) +d,(x(u))x(d,(v)) =0.
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Also, ad, =d,awe have d, (ar(u))d, (x(V)) +d, (x(u))d,(x(v)) =0.%0

2d, (x(u))d, (x(Vv)) = 0. Since Ris a prime ring with ChR # 2, then

d, (a(u))d,(a(v))=0.so, (d,(u)d,(v)) =0andd,(u)d,(v) =0,Vu,v e U. Therefored, (U )d, (U ) = (0) .
By Lemma ( 2.1), we get eitherd,,(U) = (0) ord, =0.

Ifd,(UJ) =(0) ,then d,(ru) =0,u €U, r € R . This implies

0=d,(r)a(ru)=a(r)d,(u) =d,(r)e(u) . Thatis, d,(r)e(u) =0vu eU,r eR . Now
0=d,(rNea(ru)=d,(rNa(ra(u)vueuU,reR.

Since Riis a prime ring, thend, (r) =0Vr e R. Thatis, d, =0.

Corollary (3.1).Let U be anonzero ideal of Rand a,beU . If [a, [b, X]J =0,Vx eU ,theneithera e C,.or
beZ(R)

Proof. The map d, : R — R, defined by d,(x) =[a, X],isa (o, 7)-derivation and
themap d, : R — R, defined by d,(X) = [b, X] , is a derivation.

Moreover d,(U) =[b,U]cU ,thatis d,(U) cU and

d,d,(U)=d,(d,(U)) =[a,[b,u ]]W = (0) by assumption.Hence,

in view of Lemma ( 3.2), we obtaind, = 0 or d, =0 .This implies that
aeC__ orbeZ(R).

Theorem (3:1). Let d, : R— Rbea (a,7) - derivationand d, : R - Rbe an (&, ) - derivationand d, : R — R be an
(B, B) -derivation. Such that d, 5 = fd,, d, 8 = #d,,d, S = £d, where g is automorphisn of R. If U # (0) is an ideal of
Rsuch that d,(U) cU and d,d,d,(U) =0, theneither d, =00r d, =00r d, =0.

Proof:Let U,veU,uv eU . By hypothesisd,d,(U) =0, so
0 =d,d,d;(uv) =d,d,(d; (u) S(v) + S(u)d, (v))d, (d, (d; (U)(B(V)) +d, (B(u)d,(V)) =
=d,(d,(d;(u)S(v) +d, (d;(u)d,(B(V)) +d,(B(V))ad; (V) +aB(u))d, (d; (V) =
=d,(d, (d;(u)aB(v) +d, (a(d; (u))d, (B(v)) +d,(d, (Bu)ad; (V) +d, (e Bu)d, (d, (V) =
d, (d,(d; (U)o (a(B(V) +7(d,(d; (u)d, (x(B(V) +d, (a(d;(u)od, ((v) + zd, (u)d, (d, (B(V) +
+d, (e (B(W)od, (d;(V)) + z(x(B(u)d,(d,(d;(Vv)) = Osince (d,d,d; = 0)
7(d, (d,(d,(u)d, (a(B(v) + ad, (d;(d, (u)) o (d, (B(v)) + 7d,(d, (u) +d, (d, (B(V) +d,(d, ( B(u) o(a(d,(v) +
+70,(d,(u) +d, (d, (B(V) +d, (d, (BU)o(a(d,(V) So,
o (d,(d;(d; (u)d, (e S(u) +ed,(d;(d;(u)) o(d,( Av)d(d(u) =0
7(d, (d3 (u)d, ((B(V)) + ad, (d; (U)o (d, B(V))o +zd; (u)d, (d,(B)(v) =0
Whereas zd 2 (u)d, (d, (B(v)) =0
zd3 (u)d, (B(d, (V) =0, (using d,f = fd,)
zd; (u) A(d, (d, (v)) =0, (using d, 5 = Ad,)
since s is outomophism, hence B " exists 7d 2 (u)(d, (d, (v)) = 0 By Lemma (2.1) we get d2 (u) = OVu € U or
d,(d,(v)) =0VvVv eV This d2(U)=0or d,(d,(v))=0
- Suppose d(U) =0, then d,(d,(v)) =0by Lemma(2.2) we get
d,=00ord, =0
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« Suppose if d,(d,(v)) #0, then dZ(U) =0

For any u, veU, so UV €U , Hence

0= d32 )= d32(uv) = d,;(d;(uv) =d;(d;(u) B(v) + B(u)d;(v) =

— dy(dy (W) BUBM) + B(y (W) (BW)) + dy (B(U)) A (V) + BBy (0 (V)

ut 62 (U) = (0) we get 3(dly (U))dg (B(V)) + da (B(U)) B(dy (V) = 0. Also B, = /3, we
rave. oy (A(U))dy (BV)) + Ay (BN, (BV)) = 0,50,

2d,(LW)d; (L(v)) =0, since R is aprime with ch R#2 then

dy (BU)y (BV)) =0, 50, B(dy(U)dy(V)) =0 and (dy (U} (V) =0¥U,v U

There fore d,(U)d,(U) =0, by Lemma (3.1) we get lither d,(U)=(0)or d, =0

If d;(U) =(0),then d,;(ru) =0,u €U, r € R this is implies

0= dy (3 A(U) + A(r)dy (1) = dy (1) A(U) thtis

d,(r)Au)=0,YueU,reR Now 0=d,(vV)(ru) =d,(r)8(r) S(u)Yu eU,r e R (since R is aprime
ring) then d,(r) =0Vr e R thatis d; =0

Theorem (32) (In general). Letd, : R — R be (o, 7)—derivationand d; : R — Rbe an («;, ;) — derivation such that
do =ad,da; =a;d,i=2,......., n, j=n-1,n>2,, Where ; is an outomorphism of R if U # (0) is an ideal of
Rsuchthat d,(U)c U

and d,d,.......... d,(U)=(0),ne N Theneither d, =00or d, =0.....ord, =0

Proof.Let u,veU,uveU, d.d,....d (U)=(0),so

0=d,d,....... d,(uv)=d.d,........ d,,(d We, (V) +

ety (W)t (D), (U (A 3 (Wt 3 (V) + oy (@ 5 (W), (V) =
=d,(d,(.....C....d, ,(d, , (U) + , , (u)) +d,(d, , (Wd,.....d, , (&, (W) +

+d, (o, (V) ,d, (V) + &, + &, o, (U)d,..... d,,(d,(v)) =

=d,(d,...d (d, (W, _,x, (V) +d,(,,(d,(U)d,...d, (e, (V) +

+d, (d,.....d, (o, (W), .d, (V) +d,(«, ,(U))d,...d, ,(d, ,(V)) =
=d,(d,...d,,(d,(u)o(a, ,(x,,(V) +z(d,...d, ; (d,(U)d,(«, , (e, , (V) +

+d,(a, ,(d, 4 (U))o(d,...d, (V) +7d, (U), (d,.... + dd,...d, (@, 4 (U)o (e, ,(d, (V) +

+7d,...d, (a,,(U)d,(«,_,(d, (W) +d,(«,_,(, ,(U))od,...d, _,(d,(v) +

+7(x, , (e, ,(U))d, (d,...d, ,d;(v)) =0 since d,d,....d,, =0

7(d,....d,, (d, (d, (U)d, (&, , (e, (V) + 1, ,d, (d, (d, (u))o(d,...d, (e, , (V) +

+zd, (d,(u))+d.d,...d (., (V) +d,(d,...d, (&, (W)o(e, . (d,(V) +

+7d,....d (o, (U)d (e, (d, (V) +d, (o, (&, 1 (U)od,...d,_,(d,(V)) =0 So,
o(d,...d,,(d,(d,(W)d,(a, (e, ,(u)) +e;,,d,(d,(d () o(d,...d, (e, (Wd(d (D) <

(A0, (020D, 5t o (U0) + 2, (A2 s, (D) + 72 (W) (., 4 et (1) <O
where as

zd} (u)d,(d,...d, e, ,(V)) =0 (dyy =erd;, dix; = x ;i = 2....... n,j=n-1,n>2)

]

7d2(U)d, (@, 1 (d;.d, 4 (V) =0 (dyr, =y, dir; = @,d,,i =2.....n, j=n—1,n>2)

J

7d? (U)e, 4(d,(d,...d, ()) =0 (dye, = oy, dyr, = i =2.......n, j=n—-1,n>2)

since ", is automorphismhence cz,,*, exist
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rd?(u)(d,(d,....d, ,(v)) =0, by Lemma (3.1) we get d>(u) = O forall u €U or (d,(d,....d_,(v)) =0, that is
d?(U)=0or (d,(d,....d ,(v))=0(ne N)

1. Suppose d?(U) =0, = then (d,(d,....d_,(v)) =0(ne N)

by Lemma (3.2) we get d, =0or (d,...d ,(v))=0

« Suppose d; # 0, = then (d,....d, ,(v)) =0, by Lemma (2.2)

d,=0or (d,...d, ,(v))=0

Thus, is the same way, we get

d,=0ord,=0...0rd,_, =0

2. Suppose if (d,(d,....d. ;(v)) =0, then d?(U) = 0 for any u, veU, so ueU, hence
0=d;(U)=d:(uv)=d,(d,(uv))=d,(d, (W), (V) + e, (u)(d,(V) =

=d,(d, ), (V) +d, (e, (u)d,(v) = d, (d, (W), (&, (V) + o, (d, (W)d, (@, (V) +

+d, (o, (W, (a, ,(V) + (e, ,(d, (V) +d, (¢, , (V) + o, 1 («, ,(V))d, (d, (V) _

But d2(U) = Owe get ez, (d, (W), (ty (V) +d, (2, 1 (d, (V) =O

Also o, d. =d o ;,wehaed (a,,U))d (« ,V)+d (o, W)d (a,,(v)=0,

so 2d, (¢, ,(u))d, (e, ,(v)) =0, since R is aprim with ChR = 2 then

d, (e, ,(u)d (a,,(v)=0 50 % (d,(u)d,(v))=0and (d,(u)d,(v))=0vVu,veU

There fore d (U)d, (U)=(0) by Lemma(3.1), we get either d_ (U) =(0)or d, =0

if d (U)=(0),then d (ru)=0,ueU,reR

Thisisimplies 0=d_(r)e, ,(U)+ e, ,(r)d, (u) =d_ (r)e, ,(u) thatis d (r)e, ,(u) =0vueU,r eR, now.
0=d,(V)e, ,(ru)=d (Ne, ,(Ne, ,(U)Yu eU,r € R (Since Ris prime ring), then d  (r) =0Vr € R, that is
d,=0

Theorem(3.3).Let U be nonzero ideal of Rand a,b,c €U , if [C, [a,[b, X]]]M =0,V X e U, theneither
1.c,aeC_ orbeZ(R).

2.ceC,_ ora,beZ(R).

Proof.The map d, : R — R defire by d,(x) =[c, X]w isa (o, 7) - derivation and the map d, : R — R defined by
d,(x) = [a, X], is derivation and the map d, : R — R defined by d,(X) = [b, X] is a derivation moreover

d;(u) =[b,U] U thisis dy(u) = U and d,d,d(u) =d, (d, (d;(u))) = c,[a[b,u]]] =(0),by

o,T

assumption.
Hence, in view of Lemma (3.2) use obtain

1179 =00 D85 =0y implies that it 9 = O this implies ¢ C,..

if d,d; =0 = by Lemma (2.2) either d, =0or d; =0

This implies ae C__ orbeZ(R) =c,aeC__ orbeZ(R)

2.1fd,d,d, =0, thend,d, =0o0r d,; =01f d,d, = 0 (by Lemma (2.2))either
d, =0or d, =0Hence d, =0 this implies ce C_, or a€ Z(a)

If d; =Othis implies be Z(R)So ceC, , or a,beZ(R)

Theorem(3.4) (In general).Let U be anonzero ideal of Rand &, a,, ..... a, eU  If
[an [an_l,I: ....... ER x]ﬂ ....... ] =0VxXx €U | then either
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1. a, a,,....a,cC, ora € Z(R).

Proof.The map d, : R — R defire by d,(x) =[a,, X]m isa (o, 7) - derivation and the map d, : R — R definedby
d,(x) =[a,.,, X]. is derivation and the map d,, : R — R defined by d, (x) =[a,, X]is a derivation moreoven
d,(U)=[a,U]cU thisis d (U) cU and

d,d,.......d. (U) = dy(d,(.....d_(U)) :[an [ N e L =0Vx €U by assumption.Hence, in view

of Lemma (3.2)use obtain

Lty =0 (Ao

n , then
this implies a, € C_ (1)

if d, =0 This implies a,_, € C__(2), Similarlyd ,d, =0 by corollary (3.1)
Theneither a, € C, or & € Z(R)(3), From (1), (2) and (3) We get &, &, _,,.....a, €C__or & € Z(R).

2 If d,d,....d, :O,then (dd,....d. ))d. = O(by Theorem (3.2))
then either (d,d,........ d.,)=0o0r d, =0implies that if d, = Othis implies &, € Z(R) (1)

d,, =0implies that if d_, =0, then this implies &, € Z(R) (2), Similarlyd,d, = 0 (by lemma (3.2))
then either d, =0ord, =0 by corollary (3.1), then either

a,eC, ora_, €Z(R)(@3) from(1),(2)and(3)wegeta, €C_ ora ,,....Z(R) .
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