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Abstract: Let G be a (p,q) graph and f: V(G) — {1,2,3, .....p + q} be an injection. For each edge e = uwv, let f*(e) = w if
f) + f(v) iseven and f*(e) = w if f(u) + f(v) is odd, then f is called super mean labeling if f(V) U {f*(e):e € E(G) =
{1,2,3,....p + q}. A graph that admits a super mean labeling is called super mean graph. Let G be a (p, q) graph and f: V(G) -
{k,k+1, k+2,..p+q+ k— 1} be an injection. For each edge e = uv, let f*(e) = w if f(uw) + f(v) is even and f*(e) =

f+f@) +1
2

if f(u) + f(v) is odd, then f is called k - super mean labeling if f(V)U{f*(e):e€ E(G)}= {kk+1,k+2,....p+

q + k — 1}. A graph that admits a k - super mean labeling is called k - super mean graph. In this paper, we investigate
k-super mean labeling of (nQ3,vy,v3), TP,, S(Pm X Py), (PnAK,)UT,, ,A(T,), C,© 2P,,,TL, © K;.

Keyword: k - super mean labeling, k - super mean graph, (nQs, vy, v;), TP,, S(Pn XP,), (P, AK;) U Ty, A(T,),C, © 2P, TL, © K;

1. Introduction

All graphs in this paper are finite, simple and undirected.
Terms not defined here are used in the sense of Harary [1].
The symbols V(G) and E(G) will denote the vertex set and
edge set of a graph G. In this paper, we investigate k-super
mean graphs of (nQs,vq,v,), TP,, S(P, X B,),
(P, AK,)UT,,A(T,), C, © 2P,, TL, ® K;.

Definition 1.1
Let G be a (p,q) graph and f: V(G) — {1,2,3,.....p + q} be

an injection. For each edge e = uv, let f*(e) = f(“):& if

f(u) + f(v) is even and (&) = "L i f(u) + f(v) is
odd, then f is called super mean labeling if f(V)u
{f*(e):e € E(G) ={1,2,3,.....p + q}. A graph that admits

a super mean labeling is called super mean graph.

Definition 1.2
LetGbea (p,q) graphand f: V(G) - {k, k+1,
k+2,..p+q+k— 1} be an injection. For each edge

e =uv, let f*(e) = f(“);& if f(u) + f(v) is even and

pr(e) = WO EL i u) + £(v) is odd, then f is called

k - super mean labeling if f(V) U {f*(e): e € E(G)} = {k,
k+1,k+2,....p+q+k—1}. Agraph thatadmitsa

k - super mean labeling is called k - super mean graph.

Definition 1.3

(G1, G, , v1,v, ) is the graph obtained from G, and G, by
identifying the vertices v, and v,. If G; = G, , then

(G, G, vy, v,) is denoted by (2G, vy, v,).

The graph p, X p, X p, is called cube and is denoted by
Q5. Q5 is a super mean graph, then (2Q5, vy, v;) IS a super
mean graph.

Definition 1.4

A triangle C;can be partitioned into n number of triangles by
joining one vertex Cs to the midpoint of the opposite edges
and continue this process to form n triangles and it is denoted
by TP,.

Definition 1.5

A graph obtained from grid B, X B, by joining opposite
corners (i,j) and (i + 1, j + 1) of each cell by an edge is
denoted by S( P, X P,,) is called strong grid.

Definition 1.6
A graph obtained a single pendant edge to each vertex of a
path is called a comb (B, A K;).

Definition 1.7

A alternate triangular snake A(T,)is obtained from a path
Uy, Uy, Uz..... U, by joining u; and u;,q(alternatively) to a
new vertex v;for 1 < i < n- 1. That is, every edge of a
path is replaced by a triangle C3.

Definition 1.8

Bi-armed crown C,, © 2P,, is a graph obtained from a cycle
C,by identifying the pendent vertices of two vertex disjoint
paths of same length m — 1at each vertex of the cycle.

Definition 1.9

A triangular ladder TL, is a graph obtained from L, by
adding the edges u;v; 1, 1 <i <n- 1 where u; and v; are
the vertices of L,such that u;, u,, uj....u, and vy, v,,
v3.... 1, are two paths of length n in the graph.

2. Main Results

Theorem 2.1:
The graph (nQs, vy, v,) is a k-Super mean graph for all n >1.
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Proof:

Let V(nQs, vy, vy) ={vi;1< i<n}u{y;1< i<n}u
wi1<i<n}u{y;1<i<n}u
{ui;1<i<nju{y;1<i <n}u
{u;1<i<n}uf{u;1<i<n}

and v;'=vi.;.

E(nQs,vq,v,) :{el- = (vi,vi”); 1<i< n}U

{e,=,v);1<i<n}u
{e/ =(vi,v/)1<i<n}u
{e'=( v );1<i<n}u
{a;=(ww );1<i<n}u
{a; = (w,u;); 1<i<n}u
{ai =(uj,w' ) 1<i<n}u
{a/=(ujw');1<i<n}u
{by = (v,,u); 1<i<n}u
{b = (v, u; );1<i<n}u
{b) = (v, w);1<i<n}u
b= w);1<i<n}

be the vertices and edges of (nQs, v4, v,) respectively.

First we label the vertices of (nQ3, v;,v,) as follows:
f(wv)=19i+k-19, 1<i<n
fw)=19+k-17, 1<i<n

fW)=19i+k-2, 1<i<n

fwHY=19+k, 1<i<n
fu;)=19i+k-9, 1<i <n
fu)=19i+k-15, 1<i<n

fw)=19 + k-4, 1<i<n
fw)=19i+k-11, 1<i<n

Now the induced edge labels are
f*e)=19i+k-10,1< i< n
f*e)=19+k-181< i< n
f*e)=19+k-81<i<n
f*eY=19+k-1,1<i<n
f*a)=19i+k-6,1<i<n
f*a;)=19i+k-12, 1<i<n
f*(a)=19i+k-13, 1<i<n
f*(a)=19+k-7, 1<i<n
f*0)=19i+k-14, 1< i < n
f*b;)=19i+k-3,1<i <n

*(b)=19i + k-16,1< i
f*b;)= 19i+k-51<i <n

Herep=7n+1,q = 12n, p+q=19n+1

Clearly,

f(V) e{f*(e):e € EMQs,v,v)}~{kk+1,.19n+ k}
So, f(V) U{f*() : e € E(nQs,v;,v,)} is a k-Super mean
labeling.

<n
<

Hence the graph (nQs, v1, v;) is a k-Super mean graph.
Example 2.1:

315 — Super mean labeling of (2Q3, vy, v,) is given in figure
2.1

Theorem 2.2:
The graph TB, is a super mean graph

Proof:

Let V(TB) ={v;; 1< i<n-1}uf{y;1< i< n}

and

E(TP)={e;= (v, uw;); 1< i <n-1}U

{e;= WUz ); 1< i <n-1}uU
{a;= (u,uy1); 1< i <n-1}u
{bi=W,viy1); 1< i <n-2}

be the vertices and edges of T B, respectively.

First we label the vertices of T B,as follows:
fv)=6i+k-4,1< i< n-1
fw)=6i+k-6,1<i < n-1
fu)=6i +k-7, i =n

Now the induced edge labels are

f*(e) =6i+k-5,1< i< n-1

f*e)=6i + k-2, 1<i< n-1
ffa))=6i + k-3, 1 <i<n-1
f*b)=6i +k-1, 1 <i <n-2
Herep = 2n-1,q = 4n-5,p+q = 6n-6

Clearly,

fVMu{f*(e): e€cE(TB)} ={kk+1, .6n+k— 7}
So, f(W)U{f*(e): e€E(TB, )} is a k-Super mean
labeling.

Hence the graph TP, is a k-Super mean graph.

Example 2.2:

55 — Super mean labeling of TP, is given in figure 2.2

37

Theorem 2.3:
The graph S(B,, X B,) is a super mean graph.

Proof:
LetV(S(Pp, XP,))={u;;1<i<m, 1< j<n}
and
E(S(Pn X B)) ={ey= (wj, wig4+1)) ;1 i <m,
1<j< n—-1}uU
{aj=(uj, ugs;);1<i<m-1,
1<j<n}u
{by =(uy, ug+ng+n) ;1 <i<m-1,
1<j<n-1}
be the vertices and edges of S(B,, X B,) respectively.
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First we label the vertices of (B,, X B,) as follows:
fluy) =(4n-2)(i-1)+2j + k-2,
1<i<ml<j<n

Now the induced edge labels are
f*e;)=(4n-2)(i-1)+ 2j + k-1,
1<i<m, 1<j<n-1
fHay)=“n-2)(i-1)+@n +j)+ j+ k-3,
1<i<m-1,1<j<n
f*(b;) =(4n-2)(i-1)+2n +2j,+k-2,
1<i<m-1,1<j<n-1

Herep=mn,q=3mn-2m-2n+ 1,
ptg=4mn-2m-2n + 1
Clearly ,
fF) U {f*(e):e € E(S(By X B))}
:{k,k +1,...4mn-2m — 2n+k}
So, f(WYU{f*(e) : e € E(S(B,, X P,))} is ak-Super mean
labeling.
Hence the graph (P,, X B,) is a k-Super mean graph.

Example 2.3:

545 — Super mean labeling of (P, X P,) is given in figure
2.3

545 547 549 550 551

558

559 565
572

573

579

586

587

Figure 2.3: 545-Super mean labeling of S(P4 X P,)

Theorem 2.4:
The graph (B, A K;) U T,, is a k-Super mean graph.
Proof:
LetV(B,AK)UT,)={v;;1<i<n} U
{u;;1<i<n} U
{w;;1<i<m-1}uU
{w;; 1<i<m}
and
E((B,AK)VUT,)={e;=(v;,u;);1<i <n}u
{ei= @ uy);1<i <n-1}u
{g;=(w;,w));1<i <m-1}u
{bi=(w; ,wi11);1< i < m-13u

{ci=w , wiy);1< i <m-1}
be the vertices and edges of (B, A K;) U T, respectively.

First we label the vertices of (B, A K;) U T, as follows:
fv)=4i + k-4, 1< i < n, iisodd
fw)=4i + k-2, 2<i <n, iiseven
fu)=4i + k-2, 1< i < n,iisodd
fw)=4i + k-4, 2< i < n,iiseven
fw)=4n + k-1

f(wl-’)=4n +5+k-4 2<i<m-1
fw))=4n + k + 1

fw)=4n +5i + k-6 2<i <m
Now the induced edge labels are

f*(e)=4i+ k-3 ,1<i<n
fe)=4i+ k-1, 1<i<n-1
f*(a)=4n + 51+ k-5, 1<i<m-1

f*(b))=4n + k + 2

f*(b)=4n +5i+k-2,2<i<m-1
f*(c;)=4n + k + 3

f*(c)=4n +5i+ k-3, 2<i<m-1
Herep=2n+2m-1,q = 2n + 3m- 4,
p+qg=4n+5m-5

Clearly,

f)u{f*(e):e € E(h, AKi) UT,)}
={k,k+1,..4n4+5m+ k - 6}
So, f(WV)u{f*(e): e€ E((P,AK;)UT,)}Iisak-Super
mean labeling.
Hence the graph (P, A K;) U T,, is a k-Super mean
graph.

Example 2.4:
101 — Super mean labeling of (P, A K;) U T is given in
figure 2.4

101 107 109 5
) ) ]&
116 123
102 106 110 114
o104 108 112 ¢
103 105 111 113 118 121 126

Figure 2.4: 101-Super mean labeling of (P, A K1) U T3

Theorem 2.5:
Alternate triangular snakes A(T,)is a k-Super mean graphs.
Proof:

We consider two different cases.

Case (i):

If the alternate triangular snake A(T;,) starts from u,
then we need to consider two subcases.
Subcase (i) (a): nis even
Let VA(T,))={w;; 1< i < n}uU {vy;

1<i<?)
and E(A(T,)) ={e; = (uzi—1  uz) ;1 <i < %} U
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{ai: Oﬁ !u2i—1); 1<i< %} U
{bi = (v, up);1<i<T}U

. -2
{ci = Uz upi41) 1 <i < (nT)}

be the vertices and edges of A(T,) respectively.
First we label the vertices of A(T,) as follows:

flusi)=7i + k-7, 1< ig;—l

fv) =7+ k-5 1< i<
Now the induced edge labels are

fHe)=7i+ k-4, 1<si<%
fHa)=7i+ k-6, 1<i<Z
fHb)=7i + k-3, 1<si<Z
fe)=7i+k-1, 1< i)
Herep = (), q = (52), p + q = (50
Clearly,
fu{f*e): e€k (A(Tn%}fz

okt 1, () + k-1
So, f(V)U {f*(e): e € E(A(T,)) }isak-Super mean
labeling.

Hence the graph A(T,) is a k-Super mean graph.

Example 2.5:
21 — Super mean labeling of A(Tj)is given in figure 2.5

23 30 37
22 25 29 32 36 39
24 27 31 34 38
21 26 28 33 35 40

Figure 2.5: 21-Super mean labeling of A(T)

Subcase (i) (b): nis odd
Let V(A(T,)) = {u 1< i<n}ufy; 1<i< (50}
and E(A(T,)) = {e; = (ugi—1,uz); 1 <0 < (n;l )} U
{a, = (Wupy-1); 1<i < (nz;l) ju
b= uy); 1<i< (%)}U
{o = (U upp41); 1SS (nz;l)}
be the vertices and edges of A(T,,) respectively.
First we label the vertices of A(T;,)as follows:
fluge) =70+ k-7, 1< 1< (Z2)+ 1
flup) = 7i + k-2, 1< i < (5D
fw) =7i+k-5 1<i<®)
Now the induced edge labels are
fre)=7i+k-4,1<i <D
fra)=7i+ k-6, 1< i <D
fA)=7i+ k-3, 1<i (5D
fe)=7i+k-1,1<i<®h

oa=4E,p+qg=CD)

3n—-1

Herep =(
Clearly ,
f)yu{f*(e): e€ E(A(T,))} =

n—5
{kk+1,...(

2
So, f(V)U{f*(e) : e € E(A(T,)) }isak-Super mean

labeling.
Hence the graph A(T,) is a k-Super mean graph.

Y+ k -1}

Example 2.6:
75 — Super mean labeling of A(T)is given in figure 2.6

77 84 91
76 79 83 86 90 93
78 81 85 88 92 95
75 80 82 87 89 94 9

Figure 2.6: 75-Super mean labeling of A(T5)

Subcase (ii) (a): nis even
Let V(A(T)) = {u;; 1< i <n}u{m;1<i < (59}
and E(A(T,)) ={e; = (i, Uzi1) s 1 < i < (5 }U
{o= W w)i1<i< (U
{bi =i uzi41) 31 <0 < (nz;z)}u
{ci = (Ui upi-1) ;1 < ﬁg}

be the vertices and edges of A(T,,) respectively.
First we label the vertices of A(T,,) as follows:

n

flugia) =70+ k-7, 1< i <7

flug) = 7i + k=5, 1< i <>

f) =7i+k-3,1<i <)

Now the induced edge labels are

fre)=7i+k-2,1<i <2

fra)=7i + k-4, 1< i (5D

frb)=7i+ k-1, 1<i <)

fHe)=7i+ k-6, 1<i<7

Here p =(3n2_2), q =(4n2_6), p+q =($)

Clearly,

fFHU{f*(e): e€ E(A(T,))} =
{k,k+1,.....(7

n—8
2
So, f(V)U {f*(e): e € E(A(T,)) }isak-Super mean

labeling.
Hence the graph A(T,) is a k-Super mean graph.

)+ k-1}

Example 2.7:
56— Super mean labeling of A(Tg)is given in figure 2.7
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60 67 74

56 58 63 65 70 72 7 79

Figure 2.7: 56-Super mean labeling of A(Tg)

Subcase (ii) (b): nis odd

Let V(A(T)) = {u; 1< i < n}ufy; 1< i < (59}

and E(A(T,)) = {e; = (i, Uzi1); 1< 1 < (593U
(@=@ow); 1< i <)}
(b= (v upn); 1< 0 < (53U
foi = (Ugi up1); 1< 0 < (nz;l)}

be the vertices and edges of A(T;,) respectively.
First we label the vertices of A(T;,)as follows:

fluge) = 70+ k-7, 1< i< () +1
fluz) =7i+ k-5, 1<i <D
fw) =7+ k-3, 1<i <59
Now the induced edge labels are
fre)=7i+k-2, 1< i <)
fHa)=7i+ k-4, 1<i <D
fAb)=7i+ k-1, 1< i < (5D
fHe)=7i+ k-6, 1= i < (59
Herep=(3n2_1), = 4(nz;1)’ p+aq =(7n2—5)
Clearly,
fW) v {f*e): e E(ATL))} =

(kk + 1,.....(7"2—_5) +k—1)

So, f(V)U {f*(e) : e € E(A(T,)) }isak-Super mean
labeling.
Hence the graph A(T,) is a k-Super mean graph.

Example 2.8:
98 — Super mean labeling of A(T)is given in figure 2.8

102 109 116
101 \104 08 \111 115 \118

. 99 103 106 110 113 117
98 100 105 107 112 114 119

Figure 2.8: 98-Super mean labeling of A(T)

Theorem 2.6:

The bi—armed crown C, © 2B,, is a k-Super mean graph for

alloddn =3 and m = 2.

Proof:

LetV(C,©®2B,)={u;; 1< i<n}u
Wwi;1<i<n,1<w < m}uU
wh;1< i <n,1<w<m}

and v1=vj =y

E(C,©2B,)={e;=(u;, u41);1<i<n-1} U

{e=w4, v, 1<i<n,1<w<m-1}U
{ef=wY,v);1<i<n,1<sw<m-1}
and e, = (u,, uy)

be the vertices and edges of C,, © 2P, respectively.

First we label the vertices of C,, © 2B,, as follows:

Letn = 2t + 1 for some t.

f(Wh)=4(G-1)m-2j + 2 + k,
1<j<t+1,1<i<m
f@BE=2(2j-1)m-2j+ 2i +k-2,
1<j<t,2<i<m
f(v(';;f)z) =2Qt+1)m-Q2t+2)+k+3
fOiih)= 2@t + Dm-2t + 2i + k + 1,
1<i<m-2
fWis141) =40 +OM-2(¢ +j) +2i + k-1,
1<j<t,1<i<m
fiHT) =@ + 4t +2)m-(t + 2j + 20) +
4i-2t +k, 1<j<t,2<i<m
Now the induced edge labels are
fAe)=4(j-1)m-2j +2i +k +1,
1<j<t+1,1<i<m-1
e =2(2j-1)m-2j +2i + k-1,
1<j<t,1< i<m-1
f*(egg;f)z)=2(2t + 1)m+ k-6
fefiih) =2 @t + Dm- 2t + 2i + k,
1<i<m-2
f(e(esr4y1) = 4 +)m=-2(¢t + ) +2i+k,
1<j<t,1<i<m-1
feiiishy) = (4 + 4t +2)m-(t +2j + 20) + 4i —
20+ k-1,1< j<t,2<i<m
' . +(n-2
fe)=fwh) - [f(wi) - 1] + k, 1< i < =C2

fre) = f(vm) - [f (v11) - 1] -(%) [f*e)-k+1] +
k-1,i=m
Herep = 2mn-n ,q = 2Zmn-n,p + q = 4mn- 2n
Clearly,
fu{f*(e):e € E(C,© 2R, )} =
{k,k+1,...4mn-2n+ k -1}

So, f(VYu{f*(e): e € E(C, © 2P, )} is a k-Super mean
labeling.

Hence the graph C, © 2B,, is a k-Super mean graph.
mple 2.9:

o=+ — Super mean labeling of C; © 2P; is given in figure
2.9
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Figure 2.9: 34-Super mean labeling of C; © 2P,

Theorem 2.7:
A graph TL,®K; is a super mean graph, for every n.
Proof:

LetV(TL,OK))={u; 1< i<n}ufy;1<i<n}u

{w;1<i<n}u{z;1<i<n}
and
E(TL,OK) ={e;= (u;, u;41);1<i<n-1}u
{e/=(u;,v;);1<i<n}u
{e/= (W, viy1)i1<Sis<n-1}uU
{e/'=Ww;,vi4q1);1<i<n-1}U

{a;=(v;,z);1<i <n} U
{a;=(w; ,u;);1<i<n}
be the vertices and edges of TL, ®K; respectively.

First we label the vertices of TL,, ®K;as follows:

fw)) =10i+k-8,1<i<n

f(v)) =10i + k-6, 1<i<n

fw)= 10i + k-10, 1< i<n

f(z)=10i + k-4,1<i<n

Now the induced edge labels are

f*(e))=10i + k-3, 1<i<n-1

f*e)=10i + k-7, 1<i<n

f*e)=10i, 1<i<n-1

f*e/)=10i + k-2, 1<i<n-1

f*(a;)= 10i + k-5, 1<i<n

f*(a)= 10i + k-9, 1<i<n

Herep = 4n, q = 3n + 3(n— 1),

p+q=10n-3

Clearly ,

fV)U{f*E):ecE(TL,OK)}=
{k,k+1,..10n + k - 4}

So, f(VYUu{f*(e): e € E(TL,®K;)}isak-Super mean

labeling.

Hence the graph TL,, ®K;is a k-Super mean graph.

Example 2.10:
2000 — Super mean labeling of TL,© K; is given in figure
2.10
2000 2010 2020 2030
] [ ] [ ] [ ]
2001 2011 2021 2031

2014 2019

2024

92032

2033

2029 92034

2005

20060

20160

2015

20260

2025

2035

20360

Figure 2.10: 2000-Super mean labeling of TL,©OK;
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