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Abstract

The aim of this paper is to solve the question of portfolio selection with fuzzy returns by means of pa-
rameters and second order dominance of fuzzy variables. We have proposed two new multiobjectives
models for selecting the best portfolio, based on parameters and on second order dominance of fuzzy
variables, respectively. In addition, characterizations of second order dominance for trapezoidal and
triangular fuzzy numbers are introduced.

Key Words: Fuzzy variable, Second order dominance, Credibility measure, Set of the best portfolios,
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Introduction

The portfolio selection theory involves a selection of a combination of assets under the constraints
of the investor objectives. Given a finite number of assets, the main question in portfolio selection
theory is, how to invest a certain capital to that finite number of assets; such that the future return
obtained from that investment has a maximum profit and less risk. Markowitz (1952), the pioneer
founder of portfolio selection theory, provided a mathematical foundation for modern portfolio se-
lection theory as a mathematical problem. Markowitz considers that the future return for a given
portfolio is a random variable. With this consideration, he proposed the mean-variance model, which
opened the door for mathematical analysis of the portfolio selection problem Sadefo et al. (2012a).

The key principle of the mean-variance model is to use the expected return of a portfolio as the
investment return, and to use the variance of a portfolio as the investment risk Carlsson et al. (2001).
The model was formulated as shown in Markowitz (1952). Consider a portfolio with n different
assets where asset number i gives the return R;. Let y; and al-z be the corresponding mean and
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variance respectively, and let o; ; be the covariance between R; and R;. Suppose the relative amount
of the value of the portfolio invested in asset i is x; and if R is the return of the whole portfolio then:

n
max E[R] = Z;/t,-xi,
i=1

subject to,
n n

0% =Var[R] = ZZai,]-xixj, (1)

i=1 j=1
n

xl‘Zl,

i=1
x; 20, 1=1,...,n

However, sometimes we encounter situations where future return does not describe a probability
distribution. In such cases, we can not use a random variable to describe a future return for a given
portfolio. For instance, if there is not enough historical data, it is more reasonable to assume that a
future return is a fuzzy variable Li et al. (2010). In addition, the security return is very sensitive to
economic, environmental, political, social and human’s psychological factors Sadefo et al. (2012a).
This justifies the inefficient information or the incomplete information that an investor can receive
from the real world. To reflect this vagueness or incompleteness due to the lack of data, the fuzzy set
theory introduced by Zadeh (1965), through fuzzy variable will be used for modelling future return.

As in probabilistic approach, where the expected value of a random variable and its variance have
been used to characterize respectively the expected future return and the investment risk. Scholars
such as Huang (2008), Li et al. (2010) and Sadefo et al. (2012a) used the same parameters for a fuzzy
variable in fuzzy approach. To define these parameters, Liu and Liu (2002) introduced credibility
measure in the new theory of uncertainty. The main advantage of this measure is that, it is self-dual.
The self-duality property helps to make decision results consistent with the laws of contradiction
and excluded middle Sadefo et al. (2012a).

Consequently, so many models for portfolio selection with fuzzy return have been done. We have
Huang (2008), who proposed Mean-semivariance models for portfolio selection with fuzzy return;
Li et al. (2010), who proposed Mean-variance-skewness model for portfolio selection with fuzzy
return; and Sadefo et al. (2012a), who also proposed Mean-variance-skewness-kurtosis model for
portfolio selection with fuzzy return. All these models on parameters are based on chosen target val-
ues for constraints. In addition, Tassak (2016), Tassak et al. (2016) and Sadefo et al. (2012b) studied
and characterized three dominances on fuzzy variables and used the first order dominance to solve
portfolio question in fuzzy case. Following this way, our modest contribution is to solve the question
of portfolio selection with fuzzy return: multiobjective model (model based on parameters without
target values) and multiobjective model based on the second order dominance of fuzzy variables.
Likewise, two propositions on characterization of the second order dominance on trapezoidal and
triangular fuzzy numbers have been newly introduced.

The paper is organised as follows. In section 1, we review some basics concepts about fuzzy set theory
and we end the section by defining second order dominance of fuzzy variables. The second section
discusses about the models of our research, and we are going to display two numerical examples
for showing the effectiveness of our proposed multiobjective models. The third section gives the
new characterisations of the second order dominance for trapezoidal and triangular fuzzy numbers.
Finally, we are going to end the paper by some concluding remarks in which we propose one open
question for the future work.
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1 Preliminaries

In this section, we provide some definitions and previous results that will be used in this paper. Let
©® be a nonempty set, and P(®) the power set of © (the largest c—algebra over ®). Each element in
P(O) is called an event. The set function Cr : P(®) — [0,1] is called a credibility measure if Cr {0} =1
(normality axiom), Cr{A} < Cr{B} whenever A C B (monotonicity axiom), Cr{A}+ Cr{A®} =1 for any
event A € P(0) (self-duality axiom) and Cr{U;A;} = sup,; Cr{A;} for any events {A;} with Cr{A;} <0.5
(maximality axiom). The value of Cr{A} represents the level that an event A occurs. The meaning
of maximality axiom is followed, there is not uncertainty in the outcome of an event if its credibility
measure is 1 or 0 because we are sure that the event occurs or not. The triplet (©,P(0®),Cr) is called
a credibility space. A fuzzy variable is defined as a (measurable) function from a credibility space
(©,P(©),Cr) to the set of real numbers (see Huang (2010) and Gupta et al. (2014)). If & is a fuzzy
variable defined on a credibility space (0O, P(0®),Cr); then its membership function is derived from
the credibility measure by:

WE) = (2CrHE=th AL teR; (2)

which, for a given fuzzy number £ and for any x € R, u(x) represents the grade of x belongs to &.

Definition 1 Tassak et al. (2016). A fuzzy number is a fuzzy variable satisfying the following four axioms,
da,b,c,d e Rwith a<b<c<d suchthat: Vr € [b,c],u(r) = 1; Vr &la,d[, u(r) = 0; p is increasing on [a, b]
and decreasing on [c,d]; and y is upper semi-continuous.

If £ is a fuzzy variable, then & is said to be trapezoidal fuzzy variable if its membership function is
fully determined by the quadruplet (a,b,c,d) with a < b < ¢ < d, real numbers and defined by

=4 jfag<x<b,

b-a 3
(x) = 1, ifb<x<gc
)= Z:’C‘, ifc<x<d,
0, othewise;

If b = ¢, then the trapezoidal fuzzy variable & = (a,b,¢,d) becomes the triangular fuzzy variable
E=(ab,4d).

If the membership function of a fuzzy variable & is known, now the question is how to determine the
credibility value of a fuzzy event, Gupta et al. (2014)? In order to measure a fuzzy event, Liu and Liu
(2002) introduced a credibility measure as follow. If & is a fuzzy variable with membership function

, then for any subset A of real numbers, we have,

1
Cr{ieA}= 3 su}\)y(t) +1 —suApy(t) . (3)
te teAc

The Equality (3), can be formulated as

Cr{& e A} = = (Pos({¢ € A}) + Nec({& € A})), (4)

N =

with possibility and necessity measures of A defined by L. Zadeh in Bouchon-Meunier (1993) re-

spectively by Pos({& € A}) = sup u(t) and Nec({& € A}) = 1 —sup p(t). But neither, of these measures
teA teAC
are self-dual. That reason also justified the introduction of credibility measure by Liu and Liu (2002).

Definition 2 (Credibility Distribution) The credibility distribution, ® : R — [0,1] of a fuzzy variable
is defined by

D(t)=Cr{& <t}. (5)
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Huang (2010) demonstrated that if & is a fuzzy variable with membership function y, then the cred-
ibility distribution of £ is

D(t) = %(supy(z)+l—supy(z)), Vie R (6)

z<t z>t

Definition 3 Let & be a fuzzy variable. One defines, the expected value of & by

+00 0
E[&] :J; Cr{& Zr}dr—J_ Cr{& <r}dr,

provided that at least one of the two integrals is finite.

One can prove that if & = (a,b,c,d) is a trapezoidal fuzzy variable, then the expected value of &, is
given by

a+b+c+d

c+a 7

| )

Moreover if & = (a,b,¢) is a triangular fuzzy variable, then the expected value of &, is deduced from

(7):

E[¢]=

a+2b+c

Ele]=

(8)

Liu (2002) introduce the variance a fuzzy variable & with finite expected value e by:

Vgl = E[(E-e)’]. (9)

That is the variance is simply the expected value of (£ —¢)?. Since (& —e)?

variable, we also have

is nonnegative uncertain

+oo
V[é]:f Cr{(é—e)ZZr}dr. (10)
0
The skewness of a fuzzy variable £ with a finite expected value e is defined by
S[E]=E[(E-e)°) (11)

Sadefo et al. (2012a) proved that if £ has a symmetric membership function, then S[&] = 0. In the
sequel they introduced the Kurtosis of a fuzzy variable with a finite expected value ¢, denoted K[&]
and given by:

K[&] = E[(£ —¢)*]. (12)

Recently, Tassak et al. (2016) introduced the second order credibility dominance as the binary re-
lation between fuzzy variables denoted by >, and defined as follows: if & and &, are two fuzzy
variables with @; and @, their corresponding credibility distribution functions, respectively, then

t
&1 =5 & whenever Vi e IR,J [@,(r) — Dy (r)]dr = 0. (13)

This integral represents a balance of areas between the curves of ®; and @,.

Therefore, one can deduce the strict dominance relations by: &; >, &, if and only if

{ VEER, [ [Dy(r) =Py (r)]dr 20, (14)

Atg € R, [°,[@y(r) @y (r)}dr > 0.

Sometimes it is quite difficult to use a definition to characterize a given problem. That is the rea-
son Tassak et al. (2016) provided the following theorem, as a characterization of the second order
dominance.

Volume 6 Issuedl, January 2018

wWww.ijser.in
Paper ID: IJSER172072 21 of 29

I icenced | Inder Creative Commone Attribiition CC RY



International Journal of Scientific Engineering and Research (IJSER)
ISSN (Online): 2347-3878
Index Copernicus Value (2015): 62.86 | Impact Factor (2015): 3.791

Theorem 1 (Characterization of the Second Order Dominance) Let &) and &, be two fuzzy variables
with a finite number of crossing points {tyy,...,tox} (ordered so increasing) such that

to1 > min{inf{f : @1 (t) > 0},inf {t : D, (t) > 0}}. Let Py and P, their respective absolutely continuous cred-
ibility distributions. Then & >, &, if and only if

1 Vi€ {12k}, [ [@y(r) — Dy (1)]dr > 0;
2. And either one of the following holds:
(a) E;O[CDZ(r) —®y(r)]dr = 0and Aty € {tOl,...,tOk},j_tZ’;[CDz(r)—CDl(r)]dr >0,
(b) [“2[Dy(r) =Dy (r)]dr > 0.
We have two types of crossing points:

1. A crossing point of type I, that is an upper bound of an interval of coincidence (an interval of
coincidence, IC, is a half-open interval [a,b) where @ (r) = D, (), Vr € [a,b)).

2. A crossing point of type Il is a point where the two curves of the credibility distribution func-
tions of two fuzzy variables intersect. For more information, we refer to Tassak et al. (2016).

In the next section, we propose two multiobjective models for portfolio selection with fuzzy return.
The first model based on parameters of a fuzzy variable and the second one based on second order
dominance of fuzzy variables.

2 Models

Given a certain portfolio with n > 2 assets, n € IN, the fuzzy return &; for asset i is formulated as
follows. Let x; be the proportion of the capital invested in security i. The future return &; is defined
as &; = (p;. +d;—p;)/p; respectively for i = 1,2,...,n, where d; is the estimated dividend of the security
i during the coming year, which is unknown at present; p; is the closing price of the security i at
the present; finally p;- is the estimated closing price of the security i in the next year, which is also
unknown at present. So the future return for the whole portfolio is also a fuzzy variable, given by

n

&= inffi'

i=1

2.1 First approach: Model based on parameters of a fuzzy variable.

Many authors such as Huang (2008), Li et al. (2010), Sadefo et al. (2012a), made models for portfolio
selection with fuzzy returns by considering the parameters such as expected value, variance, semi-
variance, skewness, kurtosis of a fuzzy variable. But all those models used threshold (target) values
for each constraint which can be chosen arbitrarily. In addition, sometimes to require a target value
for a given parameter to an investor can be difficult. To alleviate this shortcoming, we propose a new
multiobjective problem (model) based on parameters for portfolio selection with fuzzy return; as our
first approach. This model maximizes the odd moment, such as expected value and skewness, and
minimizes the even moment, such as variance and kurtosis. The model is a favourite approach for
investors who don'’t fear risk; because sometimes it is suitable for an investor to optimize in the same
time mean, variance, skewness and kurtosis.
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Formally we have the model as shown below;

maxE[&],
maxS[&],
min V[&],
minK[&],
subject to, (15)

n
in:],
i=1
x;>20,1=1,2,...,n

i=1

which is non empty. The first objective of our model is to maximilze the expected future return,
the second objective is to maximise the asymmetry of our future return, which is described by the
skewness, the third objective is to minimize the variance of the future return, the variance which
is a measure of the investment risk, and finally, the last objective is to minimize the kurtosis of our
future return, which indicates the fat-tails or the thin-tails of the distribution of our future return.
The first constraint assures that all the capital will be invested in n assets, and the last constraints
assure that the short-selling is not allowed.

The feasible set O C R" of Problem (15), is defined as: Q ={x € R"| in =1,x;€[0,1],i = 1,...,n},

2.2 Second approach: Model based on the Second Order Dominance

To give our second approach, let us define first the set of the best portfolio.
Definition 4

Let A = (&;)1<i<n be a family of n triangular fuzzy assets’ returns. A portfolio return & associated
with A is a linear combination of the 1 assets’ returns defined by & = )", x;&; where x; represents
the proportion of the capital invested in asset i. So, we have x; € [0,1] and } ", x; = 1, that is all
the capital should be invested on n assets. Hence we have the set P, of portfolios associated with A
defined as P = {E = Z?:] xiéi, X; € [0, 1],2?:1 X; = 1 and ‘Ei € A}

Now, the question is, how to determine the set of the best portfolios of P based on second order dom-
inance, denoted by B, ,, and defined as B,, = {£ € P,V € P, & >, n}, with = Y1, v;&;, Vy; €[0,1]
and ) ? v =1.

If £ =(a,b,c,d) is a trapezoidal fuzzy variable. Its credibility distribution function @ is given by:
VrelR,

0 ifr<a,
$(2=2) ifa<r<b,
O(r)={ 3 ifb<r<c, . (16)
1-5(=2) ife<r<d,
1 ifd<r

It has been proved by means of crossing points that two credibility distribution functions’ curves
have the same position as their respective membership functions’ curves. For the case of a finite
combination of trapezoidal fuzzy variables (portfolio), an implementation of the set of best portfo-
lios can be done in the following way:
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With a portfolio of n assets described by trapezoidal fuzzy variables, best portfolios with respect to
the second order dominance can be implemented as follows:

maxaixy +...+a,x,
maxcixq + ... + €, X,

. 1
G B, (17)

min
n (dl_cl)xl+"'+(dn_cn)xn

x; €[0,1],Viell,...,n}

Model (17), constitute the second approach of this paper. In the last subsection, we are going to do
two numerical examples to show the effectiveness of our proposed models.

2.3 Numerical examples

In order to solve our proposed models, Matlab through genetic algorithm with fuzzy simulation is
used. Genetic algorithm and fuzzy simulation can be found in Huang (2008). The data that we have
used, have been introduced and used the first time by Huang (2008), and used by others scholars
such as Li et al. (2010), Sadefo et al. (2012a). The motivation of using those data is that, we want to
do comparison with the existed results from the others scholars. Those data contain seven triangular
securities returns shown in Table 1.

Table 1: Data

security i Fuzzy return security i Fuzzy return

1 & =(-0.3,1.8,23) 5 &5 =(-0.7,2.4,2.7)
2 &, =(-0.4,2.0,2.2) 6 &6 =1(-0.8,2.5,3.0)
3 &3 =(-0.5,1.9,2.7) 7 &, =(-0.6,1.8,3.0)
4 &4 =(-0.6,2.2,2.8)

2.3.1 Some best portfolios : implementation with two approaches and interpretations

The first approach is Model (15) describes in Subsection 2.1 of the present paper. Using the seven
triangular fuzzy assets returns of Table 1, Model (15), becomes;

max E[&],
max S[&],
min V[&],
minK[&],

subject to, (18)
7

inZI,

i=1
x;>0,i=1,2,..7.

7
The feasible set () C R” of Problem (18), is defined as: Q = {x 1S IR7| Zx,- =1,x;€[0,1],i= 1,...,7},
i=1
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which is non-empty. Problem (18) is equivalent to

max fi(x) +2f2(x) + f3(x)

4
_ 2
max BE AV 0y e - 260x))
3303+ 21a%f+11ap? - 2

min 38%6{
min 253a° +395a*B + 17ap* +290a3 B2 + 70a?p3 - g5 ; (19)
10240«

subject to
7

in =1

i=1

>0,i=1,2,...,7

with & = max {f,(x) - f1(x), f3(x) = fo(x)}, B = min{fa(x) = fi(x), f3(x) = f(x)}. Likewise, fi(x) =-0.3x; —
0.4x,—0.5x3—0.6x4—0.7x5—0.8x5—0.6x7, f>(x) = 1.8x1+2.0x,+1.9x3+2.2x4+2.4x5+2.5x¢+1.8x7, f3(x) =
2.3%1+2.2xp+2.7x3+2.8x4+2.7x5+3.0x¢+3.0x;. After writing this nonlinear multiobjective problem,

we have used Matlab to solve it. After running the codes, we obtained the following portfolios returns
chosen among several others.

&M = 0.4234&; +0.0085&, + 0.0054&5 + 0.0032&4 + 0.1576&5 + 0.3944&, + 0.0076&5,
&2 =0.8705&, +0.0076&, +0.0201&5 + 0.0016&4 + 0.0264&5 + 0.0726& + 0.0011&.

An investor who share its capital as described on portofolios (1) and &%), expect to get values as
described in Table 2.

Now we are going to do a numerical example for our second approach, Model (17).
Using the seven triangular fuzzy assets returns of Table 1, Model (17), becomes:
max —0.3X1 - 0.4X2 - 0.5X3 - 0.6X4 - 0.7X5 - 0.8X6 - 0.6X7,

1

mi

n )
2.1x1 +2.4x5 + 2.4x5 + 2.%x4 +3.1x5 + 3.3x¢ + 2.4x7

mi

n 0.5x; +0.2x5 + 0.8x3 + 0.6x4 + 0.3x5 + 0.5x4 + 1.2x;”
subject to,

X1 +Xo+X3+X4+X5+Xg+x7=1,
x;€[0,1], i=1,...,7.

To solve Problem (20), Matlab via genetic algorithm has been used. After running the codes, we
obtained the following two portfolios chosen among several others; that is we obtain the two elements
of B, ..

EB) = 1& +08 +083+ 084 +085+ 08 +0&7 = &
— (=0.3,1.8,2.3),
£ = 0.9129&, +0.0189&, + 0.00285 + 0.0013&4 + 0.0168&5 + 0.0003&, + 0.0471&,

(-0.3230;1.8114;2.3356).

An investor who want to use portfolios in the set of the best portfolios based on second order domi-
nance should share its capital as described in the above two portfolios. We can see that the most of
the capital should be invested on asset 1; others assets share a few part of the capital. With &) and
&M@ above, we expect to get values as described respectively on Table 2.

2.3.2 Comparisons of parameters of best portfolios with those of previous results

Our First Approach reaches to portfolios £(1) and £(2). We can see its effectiveness from Table 2. Our
model improve the maximum expected value and the maximum skewness found by the previous
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Table 2: Comparison with existed results

Mean Variance Skewness Kurtosis

Huang’s model 1.60 0.7235 -0.7543 1.7972
Li et al’s model 1.60 07019  -0.6823  1.7291
Fono et al’s model 1.60 0.7018 -0.6823 1.7290
Our first portfolio, &) 1.6074 0.7223  -0.7313  1.8175

Our second portfolio, £?)  1.6025 0.7147  -0.7187  1.7800
Our third portfolio, £3)  1.4000 0.4434  -0.3380  0.6922
Our fourth portfolio, £*  1.4088 0.4604  -0.3557  0.7471

authors. The model improves again the kurtosis, and the variance found by Huang (2008).

Our Second Approach reaches to portfolios &(3) and &4, Its effectiveness is shown from Table 2. The
model improves the variance, the skewness and the kurtosis found by the previous authors. However
the expected value is small comparing by one found by the previous authors. The model is very
interesting for an investor who is fearing risk, because it improves very significantly the variance;
which is the risk measure.

In the last Section, we rewrite in a simple way characterizations of the second order dominance for
trapezoidal and triangular fuzzy variables proposed by Tassak et al. (2016), recalled in Theorem (1)
in this paper.

3 Characterizations of Second Order Dominance for Trapezoidal and Tri-
angular Fuzzy Variables

Proposition 1 (Characterization of the Second Order Dominance for Trapezoidal Fuzzy Variables)
Let & =(ay, by, c1,dy) and &, = (as, by, ¢5,d,) be two trapezoidal fuzzy numbers, with @y and @, their cor-
responding credibility distribution functions, respectively. We have the following:

1. Given (a1 <by <cy<dy <ap<by<cy<dy)or(ay<b; <cy<a,<dy <by,<cy<d,); thené&y >, &,
if and only if Vr € R, D, (r) = Dy (r). This first case is related to non (zero) crossing point.

2. Ifay <ay,by <by,cp<cyand dy <dy then & >, &y; with ¢, the only crossing point.
3. Ifa; <ap,by <by,c1 <cpand dy <d, then &y >, &1; with ¢y the only crossing point.

4. Givenap <ay <bj; <cy <dy; <by <cy<dy; then & >, &, if and only if

To d,
f [cbz(r)—ch(rndrzf (@, () = Dy()dr,

with ry € [ay, by ] the only crossing point.

5. Given ay <ap <b, <by,c1 =cy and dy = dy; then &, >, & if and only if

ro by
f [q>1<r>—q>2<r>]drzf [@y(r) =@, (1)]dr,

o
with ry € [ay, by, the only crossing point. Case (2.) up to case (5.) are related to one crossing point.
6. Given ay =ay, by =by,c; <cyand dy <dy; then &y >, &y if and only if

To dy
f (@1 (r) = Dp(r)ldr = [ (@)~ @y (r)]dr,

o

with ¢y, and 1y € ¢y, d,] the crossing points. This case is related to two crossing points.

Volume 6 Issuedl, January 2018

wWww.ijser.in
Paper ID: IJSER172072 26 of 29

I icenced | Inder Creative Commone Attribiition CC RY



International Journal of Scientific Engineering and Research (IJSER)
ISSN (Online): 2347-3878
Index Copernicus Value (2015): 62.86 | Impact Factor (2015): 3.791

7. Given a; <ap, by <by,cq <cpand dy <dy; then & >, &; if and only if
Y b
(a) Jafl [®1(r)_®2(r)]dr>jroi [@,(r) — Dy (r)]dr,

T T b d
(b) [ [@1(r) = Dap(n)]dr + [ (@1 (1) = Dy(r)]dr > [ [@a(r) =y (r)]dr + [ [@a(r) = Py (r)]dr;
with c1, and 1oy € [ap, by] and 1y, € [cy,d5], the crossing points.
Remarks 1

For the case where there is no crossing point, case (1.), the second order dominance is equivalent to
the first order dominance. Cases (2.) and (3.) are equivalent to the characterization of the first order
dominance. For the first order dominance’s definition and its characterization, we refer to Tassak
et al. (2016).

Proof 1 i. Given (a1 <by<c1<di <ay<by<cy<dy)or(a; <b;<cy<ay<by<cy<d,). Assume
that & >, &,. From Definition (13), we have

Vte R, Jt [CDZ(r) —(Dl(r)]dr >0

B Dy(r) = Dy(r) =0
Dy(r) = Dy(r), Vr € Ra.e.

So the necessary condition is proven by the definition of the second order dominance, Definition (13).
Conversely assume that Vr € R, ©,(r) > Dy (r). Which can be written as
D, (r) —Dy(r) 2 0, Vr € R. By taking the integral from —oco up to t, with t € R, we get J_too[qu(r) -
@y (r)]dr > 0. Then by Definition (13), we conclude that & >, &,. The sufficient condition is also
proven by the definition of the second order dominance, Definition (13).

ii. Suppose that ay <ay,by <by,cy <cy and d, <dy. From Theorem (1), we have:

* The first assertion of the mentioned theorem is satisfy, because dc, € R a crossing point such
that [ [@,(r) - Dy (r)]dr > 0.

o The second assertion of the mentioned theorem is also true, that is
L:o[(bz(r) —®(r)]dr = 0. This assertion can be written as

f N[%(r)—wr)]dr:f 2[®z<r)—®1<r>]dr+f "1 (1) = Dy () dr

—00 —00 ()

. f (Do) =D (Ndr + [ [a(r) = Dy (r))dr
dy

s [%(r)—dn(r)]dem[%(r)—cbl(r)]dr

C2

b a4
:J [cbzm—@l(r)]mf [@y(r) =Dy (1)]dr > 0

C

The other cases can be proved in the same manner. O

Regards to Proposition (1); in the proposition below, we consider two triangular fuzzy numbers.

Proposition 2 (Characterization of the Second Order Dominance for Triangular Fuzzy Variables)
Let & = (ay, by, cy) and &y = (ap, by, ¢3) be two triangular fuzzy numbers, with ©; and ©, their correspond-
ing credibility distribution functions, respectively. We have the following:

1. If(ap<ay; <by<cy<by<cy)or(a;<by<cp<a; <by<cy)or(a,<ay <by =by<cy,<cy), then
&1 >2 &;. (no crossing point).
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2. Given (a; <ay <by =by <cy <cy)or(a; <ay <by <by <cy <cy), then & >, &, if and only if
Jarzo [D,(r) — Dy (r)]dr > LEZ [D1(r) — Dy (r)]dr; (with 1y € [a1,by] a crossing point which can be by or
0

strictly less that by).
3. Given (ay <ay <by <by <cy<cy), then & >, &, if and only ifjar:l [Dy(r) = Dy (r)]dr > Irﬂz (@, (r) -

T
D, (r)]dr, (with ry € [a1,b1] and 1oy € [by, c3] two crossing points). N

Case 1. is equivalent to the characterization of the first order dominance.
Proof 2 The proof can be deduced from the proof of Proposition (1).00

Regards to Proposition (2), we deduce this below corollary.

Corollary 1 Let & = (ay,by,cq) and &y = (ap, by, cp) be two symmetric triangular fuzzy numbers. Let
supp(&y) and supp(&,) their corresponding supports, respectively. Assuming that the lengths of supp(&;)
and supp(&,) are equals. We have then:

1. If (ap <ay by <cy<by <cy)or(ay<by<cy<a; <by<cy)or(a,<ay <by =by<cy,<cy), then
&1>2 &
2. If(a2<a1 <b1 =b2<C1 <C2) or ((12<d1 <b1 <b2<(31 <C2), then 61 >9 52.

3. If(tlz <a; < bl < bz <c(cp < Cl), then 61 > (52.

4 Concluding remarks

In this paper, we have proposed two multiobjective problems (models) for portfolio selection with
fuzzy return. The first model, called the first approach, is a multiobjective problem based on param-
eters of a fuzzy variable. This model is based on minimization of the first two even moments and on
maximization of the first two odd moments of a fuzzy variable. It is not based on target values con-
trary to the previous models on parameters proposed by Huang (2008), Li et al. (2010) and Sadefo
et al. (2012a). The second model, called second approach, is also a multiobjective problem based on
the second order dominance of fuzzy variables.

Two numerical examples were solved using our proposed models. The first approach shows more ef-
fectiveness with improved expected value, variance and skewness, as compared to previous research
by Huang (2008), Li et al. (2010) and Sadefo et al. (2012a). Even our second approach shows more ef-
fectiveness by improving the variance, the skewness and the kurtosis found by the previous research.
Our second approach is very interesting for an investor who is fearing risk.

In this regards, one of the open question is: How can we do a comparison of fuzzy variables by con-
sidering the high order dominance? For instance, third order dominance or fourth order dominance,
which leads the finding an application such as set of the best portfolios and an optimization model
or a multiobjective model for choosing “good” portfolio.
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